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The miniaturization trends on electronic components manufacturing, have chall nged conven-
tional knowledge on materials strength and deformation behavior. ”The smaller the stronger”
has become a commonplace expression summarizing a multitude of experimental findings in
micro-scale plasticity, and modelling tools capable of capturing this distinctive reality are in
urgent demand. The thesis investigates the ubiquitous size effects in plastic deformation of
micron-scale specimens. Tracing the source of such a behavior to the constitue t elements of
plastic deformation, we use as starting point the dynamics of discrete dislocations nd try to
embody them into a continuum framework. The thesis is structured in two indepent parts.
In the first part the question why size effects occur in constrained geometries is addressed.
A systematic investigation of the connection between internal and external length scales is
carried out in a system where dislocations, in the form of continuous lines embedded in a three-
dimensional isotropic medium, move, expand, interact, and thus create plastic distortion on the
deforming body. Our modelling strategy utilizes a set of deterministic evolution equations on
dislocation densities for describing the stress-driven evolution of the material’s internal state.
These transport-like equations simultaneously serve the role of constitutivelaws describing the
deformation of the stressed body. Subsequent application to three benchmark problems is found
to give good agreement both with experiment and discrete dislocation dynamics si ulation.
The second part of this thesis focuses on the heterogeneity and intermittency of deformation
processes on the micro scale. Recent experimental results question the cocept f smooth and
homogeneous plastic flow with fluctuations that average out above a certainscale. Bursts of
activity, which follow power-law size distributions and produce long-rangecorrelated deforma-
tion patterns, seem to pertain even on scales far greater than the atomic one.In short, plasticity
in this view appears as a ’crackling noise’ phenomenon similar to other irregular and burst-like
processes such as earthquakes or granular avalanches. But then why do we witness smooth
stress-strain curves on macroscopic sample testing? Concepts originating from Self Organized
Criticality and pinning theories are employed for producing an efficient continuum description
which is then used to study the effect of intrinsic and extrinsic deformation parameters on the
fluctuation phenomena. It is deduced that hardening, load driving and specimen size, are all
decisive on constraining fluctuating behavior, and limits of classical theory’s applicability can
be drawn.
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Introduction and General Background
1
Chapter 0.1
Motives, means and goals
Continuum theories, in the form of elasticity theory, appeared in the first half of the 19th century
to serve demands set by the technological progress of the time. The concept f ontinuum geo-
metrical space as adopted at that time was revolutionary as it opposed the Newtonian mechanics
of discrete objects, and evidently its applicability was severely questioned.
Since then a lot of new findings made their way into science. Macroscopic material objects -
particularly metals which are of great importance in industrial applications - proved to possess a
crystalline structure. New materials with custom-made microstructures were tailord. Nonethe-
less engineering mechanics kept the notion of bodies filling space in a continuus manner. Thus
the simple question arises why we carry on describing discrete systems by a continuum theory
and how adequate that can be.
0.1.1 Motivating the problem
Exclusion of the discreteness of nature from the mechanics of deforming bodies is obviously
a simplification of a many body problem which otherwise cannot really be solved. The choice
of a continuum framework endows us with many powerful mathematical tools and moreover
describes in a simple straightforward way the state of a body by means of a small nu ber of
variables. These are the great virtues due to which engineering mechanics persists in the idea
of continua which the current work takes as a starting point.
It has to be stressed at this point that for a great number of problems the foresaid exclusion
of the structural discreteness of matter cannot be total. We may work on an ide lized medium
which fills space continuously, but some signatures of the discrete fabric of this medium may
have to be retained for adequately modelling its properties.
This became rather clear in our ages where high-end technology expanded to extreme length
scales. On the one hand, for large-scale constructions the continuum framework proved to be
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fully adequate. The building of bridges or airplanes is not hampered by thefact that we regularly
use continuum approximations in their design. With the exception of fatigue ourunderstanding
of the design of large structures is conceptually well-founded and has to cope mainly with
implementation issues. On the other hand the miniaturization of, mostly, advanced ele tronic
devices brought up concerns and problems which indicate fundamental devi tions between
the predictions of continuum models and the actual behavior of very small structures. As we
reach dimensions close to those of the elementary objects nature uses to produce deformation,
continuum-based models face difficulties in providing an efficient description of reality.
The most prominent case where such problems become apparent applies toth plasticity of
crystalline bodies with dimensions of the order of microns. Phenomena such asize-dependent
strength and hardening, deformation patterning, surface roughening and fatigue are not straight-
forwardly captured by traditional continuum models. An obvious strategy for extending or
adapting such models to the micron scale is to look into the underlying mechanisms that drive
the plastic deformation.
0.1.2 From materials physics to continuum mechanics
It is known for long that plasticity of crystalline materials is accommodated by the existence
and motion of defects in the otherwise perfect lattice structure. Dislocations,which are the
most important of these defects, are gliding inside the crystal along certain planes under the
influence of local stresses, and their motion produces the plastic distortion of he stressed body.
Hence it is natural to try and implement in a continuum model of plasticity some additional
dislocation-based variables, which would provide a mapping between the behavior of the con-
tinuous body and the mechanisms that govern the discrete dislocations. This migt allow us
to keep track of the internal state of the deforming body during a process which may exhibit
path-dependence and memory. In a continuum formulation such variables hav necessarily to
assume the character of density measures.
In this spirit the current thesis wants to contribute to the vast field of continuummechanics
by investigating the descriptive abilities of two physically motivated plasticity modelswhich
include dislocation mechanisms into continuum plasticity.
Using the well-defined framework of crystal-plasticity our freedom consists in defining consti-
tutive equations which take account of the dislocation processes. The ultimate go l will be to
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capture with as little phenomenology as possible the peculiarities of plastic deformati n that
emerge on the micron scale, and to answer the basic question that each consistent plasticity
model should answer: What is the collective response of a given microstructure to a given
external driving? We choose two distinct paths to address different aspects of this problem.
Consequently this work will consist of two distinct parts.
6
Chapter 0.2
Organization of the present thesis
The present thesis is divided into an introductory part which discusses the general background
of the work and establishes some important concepts and notations. The subsequent parts I and
II build on this common ground but can be read independently.
0.2.1 Structure: Part I
In Part I of this thesis we attempt to obtain a rigorous description of the interplay between
boundary conditions, system sizes and deformation behavior during constrained plastic flow.
In particular we will address the question why size effects occur in constrai ed geometries.
The issue of size effects leads us to a systematic investigation of the connectiobetween inter-
nal and external length scales in a system where dislocations, in the form ocontinuous lines
embedded in a three-dimensional isotropic medium, move, expand, interact, and thus create
plastic distortion of the deforming medium. Our modelling strategy consists in deriving a set
of deterministic evolution equations for densities which describe the stress-diven evolution of
the dislocation distribution. These equations simultaneously serve the role of constitutive laws
describing the deformation of the stressed body. Naturally such equationsmust have the form
of transport equations.
We denote as mesoscopic the length scale of the discrete defects (the scale of the dislocation
spacing), as opposed to the macroscopic scale and to the microscopic or atomistic scale which
is set by the crystal lattice. The root of the problem resides in the fact that,on the mesoscopic
scale, spatial variations of the plastic distortion occur over distances comparable to the spacing
between individual defects. Consequently, the interactions between discrete defects, and the
length scales associated with their spacing, must be explicitly incorporated intothe c ntinuum
framework.
In Chapter I.1 we give a short synopsis of the experimental background, the theoretical work
done on the field by other authors, and its influence on the present thesis.We then in Chapter
7
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I.2 define the theoretical description that serves as the foundation of ouranalysis. Starting from
a set of discrete dislocation lines, we use an averaging procedure to obtain a set of equations
for the evolution of the dislocation population. All derivations and assumptions entering our
analysis are given in this Chapter. Later in Chapter I.3 we apply the established framework to
three benchmark problems of confined plastic flow. Namely we treat, for the special case of
plane-strain deformation, the shearing (in both single and double slip) and bending of a thin
film. We close this section in Chapter I.4 by discussing our results in relation with the results of
other authors, experimental findings, and results of discrete dislocation dynamics simulations.
Also we explore further elaborations of the present approach, and discuss perspectives and
research possibilities.
0.2.2 Structure: Part II
In the second part of this thesis we focus on another important aspect ofmicr plasticity, namely
the intrinsic randomness of deformation processes on the micro scale. The concept of a macro-
scopically smooth and homogeneous plastic flow with fluctuations that averageout above the
scale of a ’representative volume element’ (RVE) was recently put into challenge. Classical
theory’s perception is that although discreteness of the defect structure produces fluctuations
in the microscopic deformation process, the influence of deviations is smeared out as we pass
from the RVE to larger scales, since otherwise we would not be observingsmooth stress-strain
curves.
Recent experimental results, however, revealed a very different image where decreasing size
brings up increasing variations from the expected average behavior even at scales that are well
above the scale of the elementary defects. Bursts of activity, which follow po er-law size
distributions and produce long-range correlated deformation patterns, feature prominently in
this image. In short, plasticity in this view appears as a ’crackling noise’ phenom on similar to
other irregular and burst-like processes such as earthquakes or granular valanches. It has even
been claimed that the fluctuation phenomena are completely scale-free, whichwould imply that
a RVE cannot be defined on any scale. In Part II of the present thesis, we will systematically
investigate the validity of this claim.
The nature of our investigation requires this time a stochastic formulation ratherthan a de-
terministic approach based on reaction-transport equations as before.We propose a simple
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constitutive model based on the concept that the local flow stress of every volume element is a
fluctuating function of the local strain. Physically these fluctuations result from randomness in
the arrangement of the microstructural defects that produce the plastic strain. Fluctuations in
the local flow stress lead to shear strain fluctuations and these in their turn to st ess redistribu-
tion over the whole volume. This may trigger additional deformation in other volumeelements
and, as a consequence, deformation proceeds in irregular bursts. Inthis way, the model suc-
ceeds in accounting for intermittency and randomness of the plastic flow whichpro eeds in
discrete events.
We then examine what processes determine the statistics of these events, andhow the statistical
characteristics of plastic flow depend on the size of the deforming body. Itturns out that the
size of deformation bursts is limited by local hardening, which is contributing anadditional
back stress that impedes deformation and prevents the growth of infinitely bigavalanches.
In Chapter II.1 we outline our modelling strategy and give references to previous works with
the same objectives. In Chapter II.2 we introduce the model and describe itsnumerical imple-
mentation together with the relation that our modelling holds with real dislocation behavior. In
Chapter II.3 we present our results regarding the formation and statisticalproperties of defor-
mation bursts. Chapter II.4 closes this part by short discussion of our findings and a comparison
with the results of experiments and also of recent dislocation dynamics simulations. We con-
clude with some proposals for future modifications and extensions of the model.
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Chapter 0.3
General features of crystal plasticity
theory
As plastic deformation we define the deformation of a solid body that remains after the applied
driving loads are removed. By definition plasticity requires that relative positions of atoms
inside the body are changed. This already indicates that plasticity is a structure sensitive pro-
cess. For crystalline materials occurrence of plastic deformation involves the imultaneous
occurrence of processes from the microscopic scale where plastic deformation involves the
movement of atoms and breaking of bonds, over the mesoscopic scale wherthe unavoidably
inhomogeneous and intermittent movement of discrete dislocation lines prevails,to the macro-
scopic scale where we witness homogeneous flow and smooth behavior.
We first discuss the conventional continuum mechanics approach towards crystal plasticity.
There, the deforming continuum is not the structure-less continuum of usual elasticity theory
because it preserves the key ingredient of crystal structure, namely the crystallographic direc-
tions.
0.3.1 Deformation by crystallographic slip
The predominant mode of plastic deformation in crystals, in particular at high stresses and low
to moderate temperatures, is crystallographic slip. Other possible mechanisms like twinning
and diffusive flow have a much more restricted field of applicability. Crystallographic slip
has one very simple property: it restricts deformation to shear of adjacentlattice planes which
leaves the crystal lattice invariant, i.e., the relative displacement of the planesmust be a lattice
vector or a multiple thereof. Accordingly, a slip system is defined through a unit normal vector
n which characterizes a set of crystallographic planes (often the most densely packed planes in
a given lattice structure), and through a lattice vectorb contained in these planes. TheBurgers
vectorsb are often the shortest lattice vectors in the lattice structure. The fact that accumulation
of local slips builds the total plastic strainεpl is expressed by the following relations (cf. [1–3]):
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γ(i)M (i) , M (i) =
1
2b
[b(i) ⊗ n(i) + n(i) ⊗ b(i)]. (0.3.1)
Here the indexi distinguishes the different slip systems,γ(i) are the respective scalar shear
strains,b is the Burgers vector modulus andM (i) is the symmetrized projection tensor. The
driving stress for each slip systemτ (i), called the resolved shear stress, is obtained as the inner
product of the stress tensorσ andM (i):
τ (i) = M (i) · σ. (0.3.2)
What has to be added to the above framework for treating a general elastic-plastic problem
is information characterizing the material’s behavior. Such equations, whichdefine relations
between stress and strains or strain rates, are called constitutive equations1. Their soundness
eventually determines our ability to model a given problem. In other words, our need for a good
model for plastic deformation behavior transforms into a need for a good constitutive law.
0.3.2 Constitutive modelling
In the following we discuss, in sequence of increasing complexity, a numberof commonly used
constitutive laws. In each case, these laws contain one or more material-specific arameters
which, in the context of phenomenological constitutive modelling, must be determin d from
deformation experiments. In this context it is important to keep in mind that the constitutive
laws used in traditional engineering mechanics do not express fundamental physical concepts
(this makes them different from, say, the equation of state of an ideal or real gas) but are
simply mathematical expressions used to fit an observed material behavior, and to extrapolate
it to more complicated deformation geometries. Different deformation paths, ordef mation
histories, may require different constitutive laws for obtaining reasonable predictions.
Linear plasticity . This is the simplest possible constitutive law we can implement. In its most
basic form, commonly called ideal plasticity, it assumes that the solid body starts toflow like an
ideal liquid as soon as the applied stress reaches a critical valueτy. Upon unloading the elastic
1Regarding the material element as being at constant temperature on the time scale for which the behavior is
described, the material response becomes principally a relation betweenthe stress and the rate of strain increment.
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properties are restored but the body remains with an irreversible deformati n. The interesting
phenomena of strength hardening and softening can be captured if this lawi generalized by
assuming that the flow becomes a linear function, increasing or decreasingre pectively, of the
strain. Furthermore this linear function can be replaced by any non-linearexpression, which
provides us with an even more flexible frame.
Linear viscoplasticity. This is the evident step to provide a simple constitutive law with rate
dependency. In the spirit of the previous simple case, the flow stress nowbecomes a function







(|τ | − τy)sign(τ) , |τ | > τy
0 else
. (0.3.3)
This equation states that the velocity of deformation scales with the excess of the driving over
the yield stress and that the direction of deformation is dictated by the sign of thedriving stress.
µ is the viscoplastic rate coefficient. Such a solid after yielding behaves like a Newtonian fluid
(’yield-stress fluid’). Again generalizations regarding the form of the strain rate function are
feasible which use non-linear expressions for relating the stress and strain rate, and produce
this way a greater family of models.
Phenomenological constitutive models were in many instances quite successful in character-
izing macroscopically homogeneous deformation behavior. All of them share, owever, the
attribute that they originate from empirical observations and do not express any deeper physical
insight. It is hence natural that sometimes the results deriving from such models, if extrapolated
to altering conditions, do not show high accuracy or, even worse, cannot provide any adequate
representation of the real phenomena. This problem is most pronouncedo the scale of the
deforming body reached the mesoscopic scale where the discrete nature of the elementary de-
formation processes becomes manifest. This leads to fluctuations of the deformation process,
and to dependence of basic deformation properties on the size of the deforming body.
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Part I




In view of the remarkable applications associated with the emerging areas of micr and nan-
otechnologies, plasticity researchers are performing mechanical tests ofvarious specification
on smaller and smaller scales. These experimental investigations indicate that the deforma-
tion behavior and the apparent material properties change as the size of the deforming sample
approaches the micron range. The present chapter focuses on size-dependent changes in the
measured material strength and investigates how these size effects can be modell d in terms of
dislocation-based constitutive laws.
I.1.1 Internal length scales, deformation patterning, and size ef-
fects
Classical plasticity envisages the deforming body as a structure-free continuum. As a conse-
quence, the deformation behavior described by classical plasticity theoryis size independent.
Real bodies, however, possess complicated and generally inhomogeneous microstructures. The
characteristic scales of microstructural inhomogeneity define internal length scales of the de-
forming body, which in deforming crystals range from the ’elementary’ length scale defined
by the dislocation spacing over the scale of dislocation cells and sub-grainsto the macroscopic
scale of deformation bands [4, 5]. Classical plasticity is bound to break down once the charac-
teristic scale of variation of the plastic strain field reaches one of these internal l ngth scales.
This was first recognized in the context of deformation instabilities in macroscopic samples,
such as strain softening or strain rate softening behavior in unidirectional or cyclic plastic defor-
mation [6] . In unstable plastic flow, deformation spontaneously localizes. Asa consequence,
inhomogeneous deformation patterns develop and deformation gradients become significant on
the scale of the material microstructure. On the theoretical side, the mathematicalformulation
of classical plasticity becomes ill-posed in these situations and internal length scales associ-
ated with the microstructure must be taken explicitly into account in the constitutivemod ls to
restore the situation [7, 8].
17
18 CHAPTER I.1. INTRODUCTORY REMARKS
Even in the absence of deformation instabilities, internal length scales becomealways relevant
if the size of the deforming body is small enough. In this case, the interplay ofinternal and ex-
ternal length scales leads to a dependence of mechanical response on the structure size, usually
in the sense that the smaller the size the stronger the response. Over the lastyears, size effects
were observed in a wide range of deformation experiments performed on the micron and sub
micron scale. A short synopsis of these experimental investigations is given in the following.
I.1.2 Experimental evidence
Some of the first experimental investigations of size effects were related to particle strength-
ening of materials: In alloys strengthened by the precipitation of hard second-phase particles
it was found that small particles are more efficient in introducing enhancedstr ngth properties
than larger ones of the same volume fraction [9, 10]. Another early observation of a size ef-
fect is the finding that fine-grained metals are stronger than those with coarse grains (see for
example [11]); the so-called Hall-Petch behavior.
The most influential and significant works for the understanding of size-effects came some
years later with the implementation of experiments where the mode of loading introduces q an-
tifiable heterogeneities of the deformation field in the form of strain gradients.Such experi-
ments include bending of thin beams where the strain has a finite surface valueth t becomes
zero when reaching the neutral axis, torsion of thin wires where again thestrain distributes so
as to attain a zero value along the twist axis, and indentation where the plastic zone expands
over a limited region.
Fleck et al. performed torsion and uniaxial tension experiments on thin polycrystalline copper
(99.99% purity) wires with diameters ranging from12 to 170 µm. For deformation in torsion
they observed an apparent strengthening with diminishing diameter as shownin Figure I.1.1
(left). For uniaxial tension, on the other hand, no pronounced size effect was noted and the small
strength scatter, which never exceeded10% (as shown in Figure I.1.1 right), was attributed to
grain size effects.
The latter argument was rigorously re-examined in a recent elaborate treaise of Uchic et al
[12] where size effects of the overall physical sample dimensions were studied in the absence
of any gradient induced heterogeneities. It was noticeably identified thatfor simple compres-
sion experiments on metallic single crystals the interplay between the intrinsic deformati n
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mechanisms and the geometric characteristics of the sample can bring upon striking size ef-
fected behavior which up to now was totally ignored. The treatise outlines forvarious metals
the transition from bulk to whisker-like behavior and clarifies the extreme, unxplained up to
now, differences in the intermediate size regime which is of highest interest for practical appli-
cations.
Figure I.1.1: Right: Tension stress-strain curves for copper wires of diameter2a in the range
of 12-170 µm. There is only a small effect of wire diameter on the behavior. Left:
Torsional response; Plots of normalized torqueQ
a3
vs. twistka. There is a very
strong size effect. After Fleck et al. [13]
Analogous results were recorded by Stölken and Evans [14] for microbending where again the
deformation mode imposes a strain gradient on the specimen scale. Their course of testing
included again a series of uniaxial tension tests as well as bending tests forthin nickel (of
high purity 99.99%) strips with thickness12-50 µm. For bending a very distinct size effect
as illustrated in Figure I.1.2 is found, indicating that that strength can become two to three
times greater when the size is reduced by a factor of 4. The same experimental layout was later
followed in a series of tests by Shrotriya [15]. The results were in agreement with the earlier
work although the specimens were prepared with a different fabrication method.
A modified method was used by Motz et al. [16] in extracting microbending results. They
used a micron-sized copper single crystal cantilever with thicknesst between1 and7.5 µm to
quantify the magnitude of size effect. The outcome produced out of this cour e was a bending
response where the flow stress increased with decreasing thickness ast−1.14, as depicted in
Figure I.1.3. This situation roughly corresponds to an ’enhanced’ Orowan mechanism (flow
stress proportional to∝ t−1) which is in agreement with our findings detailed in the following.
Generally , although the mechanical setup may differ, the qualitative trend is captured by our
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Figure I.1.2: Plots of bending moment against the surface strain for12-50 µm foil thicknesses.
The non-dimensional moment,M/Σobh2, is used for comparison to be more
clear. Scaling with the tension yield strengthΣo is carried out to reduce the
grain size influence. Taken after Stölken and Evans [14]
modelling in all cases, yielding a close match with experimental work.
An additional work worth referring is definitely that of Haque and Saif [17]. Their field of
investigation was extended to nanosized aluminum samples and MEMS based techniqu s were
used for fabrication purposes. Their results demonstrate that the physical me hanisms govern-
ing plasticity change with decreasing size and that a threshold size exists where even dislocation
based models break down.
In the following we present briefly the main strategies that have been used for theoretically
modelling the size dependent mechanical performance observed in micron-scale samples.
I.1.3 Gradient-dependent constitutive models
In a formal manner, size dependence can be modelled by using constitutivemodels which re-
late the stress not only to strain and strain rate, but also to gradients of thesequantities. For
dimensional reasons, the corresponding terms must contain pre-factorswith the dimension of a
length, which may be related to some physical length scale in the microstructure of he deform-
ing solid. Evidently, the deformation response predicted by such models will depend on the
ratio of the external and internal length scales. Following this idea, numerous phenomenolog-
ical models have been proposed which incorporate strain gradient terms into constitutive laws
for continuum plasticity [13, 18–22].
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Figure I.1.3: Dependence of the flow stress on micro-beam thickness. Flow stress can increase
up to five times. The fit of the data points (solid line) shows a∝ t−1.14 dependence
of the flow stress.Taken after Motz et al. [16]
The main problem of these phenomenological models is that there is simply too muchfree-
dom in the ways gradient terms might be added to a constitutive law. The freedom not only
concerns the terms in the constitutive equations, but also the higher-orderboundary conditions
required to make the problem mathematically well-posed. This has led to a bewildering va i-
ety of models. Some authors have tried to motivate their models through argumentsinvoking
geometrically necessary dislocations (e.g. [18, 19], for an overview se[23]) but even these
’physically based’ gradient theories rely on several ad-hoc assumptions. (For a critical dis-
cussion, see Zaiser and Aifantis [24].) The traditional approach of engin ering mechanics is
to base constitutive models on extensive and systematic experimentation. On themicro scale,
this is difficult for several reasons. Specimen preparation and experimentation are much more
difficult and time consuming. Furthermore, the differences between the predictions of different
gradient-dependent models may depend strongly on deformation geometry,with some models
performing better in certain geometries and other models better in others. As a consequence,
it is difficult to agree upon benchmark experiments. There are obvious limitations o a purely
phenomenological approach when not even the basic mathematical structure of the constitu-
tive equations is a matter of consent. An obvious, but far from easy, remedy is to base the
constitutive equations in the physical processes that underly plasticity.
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I.1.4 Dislocation - based models
A natural approach towards resolving the problems of size dependenceand deformation pat-
terning is to formulate constitutive models that explicitly account for the physical processes of
dislocation motion which are are at the microscopic origin of plasticity. Length scale in this
case enter the formulation in terms of the dislocation spacing, or in terms of some characteristic
’wavelength’ of the dislocation pattern. Boundary conditions at surfaces nd interfaces reflect
the physical mechanisms i.e., the blocking, transmission or even emission of dislocations at the
boundaries of the deforming body.
To formulate dislocation-based plasticity models, two main approaches have been pursued so
far: Discrete Dislocation Dynamics (DDD) and Continuum Density-based Dislocation Dynam-
ics (CDDD).
I.1.4.1 Discrete Dislocation Dynamics (DDD)
DDD traces the evolution of the dislocation systems on a ’microscopic’ scale where discrete
dislocations can be resolved - either by investigating the motion of discrete lines, which may be
discretized into segments [25, 26] or treated as continuous lines [27–29],or by tracing the evo-
lution of strain [30, 31] or dislocation fields [32, 33] with high enough resoluti n such that the
individual dislocations are visible. Irrespective of the formulation used,this approach has the
advantage, but also the drawback, that the complete information about the microscopic stress
and deformation state is retained. This has obvious advantages in terms of conceptual simplic-
ity, and equally obvious disadvantages in terms of computational cost. Indeed, b cause of the
huge computational cost there has been, for instance, no large-scale discrete simulation of dis-
location cell patterning despite 15 years of dedicated effort. In addition, simulation approaches
based on discrete lines fit badly into the traditional conceptual framework of continuum plastic-
ity and to ’interface’ them with averaged continuum descriptions of the stress and strain states
is a formidable problem of multiscale materials modelling.
I.1.4.2 Continuum Density-based Dislocation Dynamics (CDD)
CDDD describes the evolution of the dislocation microstructure in terms of continuous field
variables for which evolution equations are formulated. Historically this approach has three
roots:
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• simple internal-variable models as first advocated by Gilman and later elaborated by
Kocks, Mecking, and their school (see e.g. [34, 35]). In these, the microstructure is
described in terms of internal variables (’dislocation densities’) which evolv with strain
but do not possess any spatial degrees of freedom (i.e., they do not undergo transport);
• quasi-thermodynamic models which derive the transport dislocations and their spatial
organization into cells and clusters from internal energy minimization [36, 37];
• the complex and geometrically rigorous Kröner-type theories of continuous distributions
of dislocations [38–41] (for overwiews, see [42, 43]) which, however, were never truly
elaborated into a theory of the dynamic evolution of dislocation systems excepton the
level of discrete dislocation lines [32].
Dislocation transport was introduced into CDDD by Aifantis and co-workers [7, 44–49]. The
primary purpose of introducing transport terms was to model dislocation patterning phenom-
ena, in particular the emergence of periodically ordered persistent slip band and matrix patterns
in cyclic deformation. Drawing on phenomenological analogies with pattern formation in other
reaction-diffusion systems, evolution equations of the reaction-diffusionand reaction-diffusion-
transport type were formulated for different dislocation ’species’ or ’families’ distinguished by
their geometrical and dynamical properties (positive vs. negative, mobile vs. immobile dislo-
cations, moving dislocations vs. immobile dipoles). Internal length scales appear in this type
of theories in terms of diffusion-like transport terms which have been linkedto the cyclic mean
free path of dislocations [50] or, more generally, to their characteristic transport length before
collisions (dislocation reactions). This approach was later also applied to understand the spatial
organization of deformation on macroscopic scales during plastic instabilities wh re multipli-
cation and diffusion-like propagation of dislocations may lead to the emergence of propagating
deformation bands [51–53].
I.1.5 Statistical Approaches
Recently, attempts have been made to go beyond phenomenological evolution equations and
to formulate the evolution of dislocation densities within a more rigorous mathematicalframe-
work. In particular, Groma, Zaiser and co-workers have addressedthe evolution of systems
of parallel straight dislocations in terms of concepts borrowed from the statistic l mechanics
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of interacting many-particle systems, which allow to derive equations of evolution for dislo-
cation density fields from the dynamics of discrete dislocations through systematic averaging
procedures.
For systems of straight parallel dislocation lines, Groma, Zaiser and co-workers have devel-
oped a formalism to represent both the kinematics and interactions of dislocations in a con-
tinuum framework [54]. Averaging the discrete equations of motion of the dislocation lines
leads to a hierarchy of equations for many-dislocation densities which is truncated at second
order, i.e., the interaction of a dislocation with others in its vicinity is representedi terms of
pair correlation functions. Owing to the short-range nature of these corrlations [55, 56], the
interaction can be approximately described in terms of a density dependent flow stress plus a
strain-gradient dependent ’back stress’ term, whereas the interactions between distant disloca-
tions are appropriately characterized in terms of a long-range stress fieldwhich is a functional
of the dislocation density pattern. This approach has been tested against numerous benchmark
problems and, in general, yields excellent agreement between 2D discreteimulations and con-
tinuum calculations [57, 58].
In 3D, the problem is more complicated since the kinematic description of systems of oving
lines (as opposed to point particles in 2D) is not straightforward. Different kinematic formu-
lations have been proposed in the literature [59, 60] while a general analysis which allows to
recover these formulations as special cases has been provided by Hochrainer [61]. In the next
sections we use Hochrainer’s work as a starting point for formulating a density-based theory
of the kinematics, dynamics and interactions of systems of directed and connected disloca-
tion segments moving on a single slip system. We then discuss several examples wher this
is applied to size effects in constrained plastic flow (channel slip, shearingof thin films) and
in microbending. Particular attention is devoted to assessing the respective influences of dis-
location self-interactions (line tension) and interactions between differentdislocations on the
size-dependent yielding and hardening behavior. We also use these exampl s to emphasize
the importance of initial and boundary conditions for the evolution of the dislocati n system,
and their possibly crucial influence on the plastic response of a material. Wedemonstrate the
strength of the approach by comparing with experimental observations as well as the results of
3D dislocation dynamics simulations of microbending experiments.
Chapter I.2
Kinematics and dynamics of
dislocation densities
I.2.1 Continuum theories of dislocation systems
I.2.1.1 Classical approach
Crystal plasticity as discussed in the introductory chapter is a continuum theory which, at least
superficially, does not account for any kind of material defects. For constructing a dislocation-
based theory, one may ask how the existence of dislocations can be mathematically expressed
in such a continuum theory. Already many years ago, this was attempted through the notion of
incompatibility [43].
We envisage a body undergoing compatible deformations that do not produce discontinuities in
the body structure (i.e., no cracking). The mathematical expression for thiswould be that the
corresponding distortion tensor derives from the gradient of a displacement field,
βtot = ∇utot or curlβtot = 0. (I.2.1)
Further for small deformations we can adopt a linear decomposition of the total distortion to its
elastic and plastic components:
βtot = β + βpl, (I.2.2)
and evidently
curlβ = −curlβpl. (I.2.3)
Deformation by dislocation motion generally implies discontinuities in the plastic displacement
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field (a dislocation can be envisaged as a boundary of a slipped area over which two adjacent
lattice planes have been mutually displaced by one Burgers vector). For such discontinuous
displacement fields the expressioncurlβpl is in general non-zero. Consequentially there is no
unique plastic displacement fieldupl for which the compatibility condition given above holds
true and thus the compatible deformation results from two incompatible, elastic andpl stic,
parts. We can then write
curlβ = −curlβpl = α (I.2.4)









du = btot, (I.2.5)
whereS is a surface inside the medium,C the boundary ofS, andbtot the total Burgers vector
contained within this boundary. By substitution we see that
∫
S
αdS = b. (I.2.6)
Thereforeα describes a Burgers vector density and can be interpreted as a dislocation density
tensor. From its definition it follows thatdivα = 0.
The dislocation density tensorα(r) yields a complete description of the dislocation system if
the spatial resolution is sufficiently high such that the individual dislocation lines are resolved
in detail. If α is understood as an average over many dislocation lines, however, a significant
limitation in the above representation is thatα measures only the resulting Burgers vector. This
means that positive and negative dislocations may cancel to a large degree. For instance, the
resulting Burgers vector turns out to be zero if an equal number of positive and negative dislo-
cations pierce throughS, irrespective of the fact that their number can be very large. This case
is met in simple tensile or shear deformation, where due to symmetry reasons equal numbers
of dislocations of both signs are produced. Materials may undergo significant hardening or
softening during such deformation processes, which means that the internal mechanical state
changes although the macroscopically averaged dislocation densityα remains identically zero.
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In other cases where strain gradients are present, e.g. bending and torsion, excess dislocations
of one sign are created but comparatively the change they bring upon themechanical state is
less than that due to the large amount of simultaneously produced dislocationsof both signs.
I.2.1.2 Modified dislocation density measures
The problem addressed above arises from a loss of essential information on the dislocation
network and its evolution that occurs as soon as the dislocation density tensor is averaged.
One may therefore look for modified dislocation density measures which retainthe essential
kinematic information about the evolution of the dislocation system. There are fou essential
elements that such a dislocation kinematic formulation should be able to supply:
• It should above all keep track of the dislocation motions, as dislocation motion isequ v-
alent to plastic straining. For doing so all the crucial variables that can reconstruct the
dislocation lines, their activity and their connections need to be retained.
• It should capture the increase of dislocation length associated with the expansion of
curved dislocation segments and loops.
• The above two requirements should still be fulfilled after averaging.
• There should be as little redundant information as possible.
Complying with all the above requirements is not an easy task. If we look at theproblem from
the viewpoint of an assembly of discrete lines, no other information than the spatial line con-
figurationr(s) and the Burgers vector of the individual lines is needed, i.e., we may work with
space-dependent discrete densitiesρ(r)i =
∫
δ(r − r(s))ds where the integral runs over all
dislocation lines of Burgers vectorbi. However, as soon as we average to define a continuum
densityρi(r) = 〈ρi(r)〉, we lose relevant kinematic information: The glide motion of a dislo-
cation line segment occurs in its glide plane, in the direction perpendicular to thesegment. By
averaging we can no longer keep track of the line direction of different sgments and thereby
of their direction of motion. This problem occurs irrespective of whether wunderstand the
average in the sense of spatial coarse graining or ensemble averaging.To keep track of the di-
rections of motion we have to introduce as another phase-space variable the angleφ enclosed,
in the glide plane, between the line direction and the Burgers vector of a segment. The dis-
crete density is nowρ(r, φ) =
∫
δ(r − r(s))δ(φ − φ(s))ds, and the averaged density function
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ρ(r, φ) allows us to consider the dislocation fluxes separately for each orientationφ. (Alter-
natively, one may think of defining the director angleφ = φ(r) as a space-dependent field as
done by Sedlacek et al. [60]. This works well if dislocations form bundles of similar orienta-
tion, but leads to trouble as soon as segments of multiple orientations appear within the same
mesoscopic volume element, such that a director field can no longer defined.)Th classical dis-
location density tensor is recovered from the angle-dependent dislocation density measure by
multiplying ρ(r, φ) with the outer product of the Burgers vectorb and the unit tangent vector
et(φ), and integrating over allφ:
α =
∫
ρ(r, φ)b ⊗ et(φ)dφ. (I.2.7)
The angle-dependent dislocation density measure allows us to keep track of the directions of
motion of the dislocations. However, another problem arises from the factth t he continuum
density functionρ(r, φ) does not distinguish between dislocations of different curvature. This
is easily seen by considering distributions of circular loops with identical radius R, randomly
located centers of volume densityρ0/R, and line length per unit volumeρ0. Irrespective ofR,
all such distributions are characterized by the same average density function ρ(r, φ) = ρ0/2π,
even in the limitR → ∞ which corresponds to a homogeneous pattern of straight lines with
random orientation. Assume now the loops expand at an average velocityυ. This leads to
a R-dependent change in the average dislocation density given bydρ/dt = ρυ/2πR. Since
the kinematics depend on the radius of curvature, one has to keep track ofthis variable or
distinguish expanding from non-expanding configurations in some other way. Hence, we may
again expand our phase space by including the local curvaturek = 1/R (or the radius of
curvatureR) as another independent variable, or – with the same caveat as above for th line
direction – we may define the curvaturek(r) as a space dependent field. Finally, the evolution
of curvature may depend on the change of curvature along the dislocationline, i.e., on higher-
order curvature, and so on [62].
I.2.2 Kinematics and dynamics of the dislocation system
In the following we adopt the kinematic framework developed by Hochrainer[61–63] and
briefly sketched above, i.e.we use a dislocation density measureρ which is defined on a con-
figuration space which consists of the positions and orientations of dislocation segments, and
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treat the dislocation line curvaturek as an independent field. We specify our formulation to
dislocations moving by glide on a given slip system, such that the dislocation orietation is
fully characterized by the angleφ between the dislocation line direction and the Burgers vector.
(Situations with dislocations moving on multiple slip systems can be treated straightforwardly
by defining separate measuresρi for each slip systemi; in the following we drop the subscript
i for the simplicity of presentation.)
For a given orientation, there exists a set of orthogonal unit vectorsn in the direction of the glide
plane normal,et(φ) in the direction tangential to the dislocation line, andeg(φ) = n × et(φ)
in the dislocation glide direction. Assuming that dislocations move by glide only, theevolution
of the density measureρ is then given by the continuity equation (cf. [62])
∂tρ = −∂φ[ρvφ] −∇ · [ρv] + ρvk . (I.2.8)
Here,v = egv is the vectorial andv the pseudo-scalar velocity of the dislocation segments,
and the rotation velocity of the dislocation lines is given by
vφ = et ·∇v + k∂φ[v] . (I.2.9)
It is noted that the conservation law given by Eq.(I.2.8) is a generalization of previously for-
mulated continuity equations for straight parallel dislocations (e.g., [5, 54]). The curvature-
dependent term contained in the above continuity equation accounts for theexpansion or shrink-
age of dislocation loops as well as, in an implicit manner, for dislocation reaction (generation
/ annihilation) terms as introduced e.g. by Aifantis [5, 20, 50]. The dislocation curvature is
understood as an additional field variable. The theory is exact if all dislocations of a given
orientation in a given volume element have the same curvature [62]. The local values of the
curvature field pertaining to a given orientation then obey the differential equation
∂tk = −k2v + k(eg ·∇v) − et ·∇[vφ] − k∂φ[vφ] − v ·∇[k] − vφ∂φ[k] . (I.2.10)
The equations for the curvature field may be solved alongside with those forthe dislocation
density measure. Alternatively, in the present work we use later on a line tension approximation
to evaluate the dislocation behavior under quasi-static conditions. In this approximation, the
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curvature ceases to be an independent field and simply becomes a functionof the shear stress
acting on the dislocation, and thereby a functional of the dislocation density measure.
The plastic strain rate can be recovered from the dislocation density measure as the modulus of
the total dislocation flux times the Burgers vector modulus:
∂tγ(r) =
∫
(ρbv) dφ , (I.2.11)
where the integral is extended over all orientationsφ ∈ [0, 2π]. This relation may be integrated
alongside with the evolution of the dislocation density measure to yield the plastic strain field
at a given moment in time.
To pass from dislocation kinematics to dynamics, we have to specify the dislocat on velocity
v. We neglect dislocation inertia and assume that the dislocation velocity is controlled by




= τ(r)b , (I.2.12)
whereB is the (in general direction-dependent) dislocation mobility. The key problemis now
how to evaluate the stressτ(r) which, in order to obtain a closed theory of plastic flow, must
be expressed as a functional of the plastic strain and/or the dislocation density measure.
I.2.3 Internal stresses and dislocation interactions
As already mentioned, by integrating Eq. (I.2.11), we can obtain the plastic stra n field at a
given moment in time. It is then a standard problem of continuum mechanics to determine
the corresponding stress field for a given set of boundary conditions. In the following we use
a terminology where we split this stress field into a fieldτext (’external stress’) that is due
to the tractions applied from outside to the deforming body, and a mesoscopic internal-stress
field τmf which arises from the in general inhomogeneous strain fieldγ(r) 1. In a small-strain
1The notion of a ’mesoscopic’ internal-stress field is motivated by the factthat this stress field is defined on
the same scale as the dislocation density measureρ and the plastic strainγ. If ρ andγ are considered as smooth
averages over volume elements containing many dislocations, the same holds for τmf .
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approximation (and only then) the two contributions are additive because ofth linearity of the
problem. In an infinite crystal, the mesoscopic stressτmf can be expressed as a functional of




ρ(r′, φ′)τseg(r − r′, φ′)dr′dφ′ , (I.2.13)
whereτseg is the shear stress created atr by a segment of orientationφ′ located atr′. Explicit
expressions for segment stresses have been given by Devincre andCondat [25]. We note, how-
ever, that instead of evaluating the expression given by Eq. (I.2.13) it isoften more convenient
to solve the elastic problem directly; in cases where surface boundary conditions are imposed
this may indeed be the only feasible method of solution, and such a scheme is alsoadopted in
the subsequent examples.
The mesoscopic stress field, Eq. (I.2.13), varies on the same length scale ath dislocation
density pattern described by the dislocation density measureρ. In principle,ρ can be consid-
ered with a spatial resolution sufficient such that individual dislocations ca be resolved; in this
case the complete information about the internal stresses is contained in Eq. (I.2.13), and our
theory is just a complicated way of expressing the evolution of a discrete dislocation system.
However, the main point of a density-based description is to describe dislocation dynamics on
a mesoscopic scale where the ’elementary size’ of a volume element may be above the mean
dislocation spacing. In this case, any fluctuations of the stress field on the scale of individual
dislocations are averaged out. A straightforward proposition might be to describ , within the
framework of such a mesoscopic theory, the local stress state in terms ofτ(r) = τext + τmf and
to evaluateτmf – which in this case has the character of a mean stress field – from the (meso-
scopically averaged) dislocation density measure, or the (also mesoscopically averaged) strain
field. This amounts to a mean-field dislocation theory of plasticity as discussed by Hochrainer
et al. [62], and also (in different versions) by other authors in the past (e.g. Aifantis [51]).
It is, however, emphasized that such a mean-field theory, which from a statistical viewpoint
corresponds to neglecting any correlations between dislocation segments and/or dislocation
lines, in general doesnotprovide a full description of the stresses acting locallyon the disloca-
tions. This can be seen immediately by considering an infinite body deforming (on mesoscopic
scales) in homogeneous simple shear. In this case, the mesoscopic shear strain is a constant,
and accordingly the mesoscopic stressτmf is zero. Since in a mean-field theoryτmf is the only
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term which accounts for dislocation interactions, such a theory predicts for mesoscopically ho-
mogeneous dislocation arrangements that, irrespective of the dislocation arrangement within
the elementary volume, the flow stress is zero unless obstacles other than dislocations are in-
troduced in some way into the stress-velocity law. It can be seen from dislocat on dynamics
simulations but also from experiment (consider hardening Stage I of purefcc metals) that this
assertion is incorrect.
A straightforward extension of the mean-field approach, which is particularly well-adapted to
the formulation used in the present work, is to include into the theory stressesa ociated with
the large-scale curvature of the dislocations. In a line-tension approximation, such stresses can
be expressed asτlt = Tk/b whereT ≈ Gb2 is the dislocation line tension. Note, however,
that k in the present formulation is considered as a mesoscopic field, and therefore τlt does
not account for stresses due to fluctuations of the lineshape on the ’microscopic’ scale below
the average dislocation spacing. Such stresses, which arise from bowing ut of dislocations
between junctions and other localized obstacles, form in a mesoscopic description part of the
flow stress. This is discussed in the next paragraph.
In general, dislocations during plastic flow arrange themselves in such a way s to mutually ob-
struct their motion. These ’jammed’ dislocation configurations [64] may consist of dislocation
dipoles and multipoles, or of dislocation junctions and locks. In either case, such configurations
have an extension of one or at maximum a few dislocation spacings, i.e. they pertain to a ’mi-
croscopic’ length scalebelowthe averaging scale of a mesoscopic theory. Formally, such con-
figurations and the associated ’microscopic’ stresses can be included intoa mesoscopic theory
by considering dislocation-dislocation correlation functions. This has been discussed for 2D
dislocation systems (systems of parallel edge dislocations) by Zaiser, Gromaand co-workers
[54, 55], and a similar procedure for 3D dislocation systems was outlined in [63, 65]. The basic
idea is that dislocation pair correlations are short-ranged with a range of thrder of one dislo-
cation spacing. Therefore, the dislocation interactions which are associated with them can, on
a mesoscopic scale, be expressed aslocal functions of the averaged dislocation densities and
their gradients (local density approximation). The short-range nature ofthe correlation func-
tions allows for a systematic expansion into dislocation density gradients of increasing order.
The assertion that dislocation pair correlations are short-ranged has recently been confirmed
for systems of straight parallel dislocations in a study by Groma et al. [56].They derive an
analytical expression for the pair correlation function and demonstrate quntitative agreement
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with discrete dislocation dynamics simulations.
In the following we shall not analyse dislocation-dislocation correlations in detail (for such an
analysis, see the papers of Groma and co-workers [56] and of El-Azab and co-workers [66]).
Rather, we adopt a phenomenological approach where we describe the’microscopic’ stress
state in terms of a dislocation-density dependent friction stressτf and a ’back stress’τb which
depends on the dislocation density gradient (see also the introduction of similar expressions in
[67]). These are assumed in the form
τf = αGb
√




(eg ·∇ρ)dφ . (I.2.14)
Hereρt =
∫
ρdφ denotes the total dislocation density in a given point andG is the shear mod-
ulus of the material. The constantsα andD may in general depend on the line orientationφ
and/or on the ’composition’ of the dislocation arrangement (the distribution ofdislocations over
the different directions). However, the basic structure of the ’flow stres ’ and ’friction stress’
terms is dictated by scaling properties as discussed in [54, 55] for two- andin [63, 65] for three-
dimensional dislocation systems. In particular, for a 2D dislocation arrangement consisting
of straight parallel edge dislocations these terms reduce to expressions derived by Groma and
co-workers using both statistical averaging techniques [54] and extremal principles ([56]). In
passing, we note that the ’flow stress’ expression is simply Taylor’s well-established relation for
the dissipative friction stress that has to be overcome when deforming a dislocat on arrange-
ment, whereas the ’back stress’ is a 3D generalization of the 2D ’pile-up stress’ derived by
Groma and Zaiser, which has been proven in numerous studies of size-dependent plasticity to
yield a correct continuum representation of short-range dislocation repulsion in 2D dislocation
dynamics and the associated size effects.
In the following we use Eq. (I.2.14) with isotropic (direction-independent) coefficientsα and
D to describe the ’microscopic’ stress state and combine this with a continuum approach to
calculate the external and mesoscopic internal stresses. Before applying the formalism to con-
crete examples, however, it is convenient to re-formulate the kinetic equations in a form that is
suitable for an analytic treatment of the simple example problems we are going to discuss.
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I.2.4 Edge-Screw Representation
A practical hindrance to numerical implementation of the continuum dislocation dynamics for-
mulated above is that a reasonable resolution in angular space requires a large number of dislo-
cation fieldsρ(r, φi). Since this obviously increases the numerical cost, one may ask whether
it is possible to use only a coarse discretization, such as the edge-screw model proposed by Ar-
senlis et al. [68]. However, a ’naive’ edge-screw approach whichallows for only 4 values ofφ
(φ ∈ [0, π/2, π, 3π/2]) is problematic since line-tension effects and dislocation multiplication
are badly represented (one effectively deals with rectangular dislocation loops). None of the
subsequent examples can be adequately treated in this too-simplistic approximation.
We therefore use a different approach where we start out from the kinematic formulation out-
lined in Section I.2.1, but then represent the dislocation orientation in terms of the edge and
screw components of mixed dislocation segments. We first consider the density measureρ on a
’microscopic’ scale where individual dislocation lines can be resolved, an associate it with the
screw and edge segment densitiesRs andRe. On the microscopic scale, the screw, edge, and
total densities fulfil the geometrical relationρ2 = R2s +R
2
e , and the local dislocation orientation
is tan φ = Re/Rs. Assuming that the Burgers vector points in thex direction and considering a
direction-independent mobilityB, we obtain from Eqs. (I.2.8), (I.2.9) the following equations








































+ Rsvk . (I.2.16)
It is important to note that in this model edge and screw segments move together inglide
direction determined by the local ’composition’ of the dislocation line and not separately in
’edge’ and ’screw’ directions.
In the following we are interested in a statistical description of the dislocation system. We
therefore proceed to average these equations. We introduce the notations κs := 〈Rs〉, κe :=
〈Re〉, ρ := 〈ρ〉, ρ2s := 〈R2s 〉, ρ2e := 〈R2e〉 andρ2se := 〈RsRe〉, where the averages are understood
as both spatial and directional. We obtain











































for the average sign densities. In deriving these equations we have used the relations〈R2e/ρ〉 =
〈R2e〉〈ρ〉/〈ρ2〉 and similarly forRs, which are proven in the Appendix A. As we assumed
that the dislocation velocity is independent of the segment orientation, there isno correlation
between(Re/ρ), (Rs/ρ), (R2e/ρ
2), or (R2s/ρ
2), andv. We note that, for a system of parallel
edge dislocations whereRs = 0 and henceρse = ρ2s = 0, ρ
2
e = ρ
2, Eq. (I.2.17) reduces to the
simple relation
∂tκe = −∂x(ρv) , (I.2.19)
which is one of the two equations describing the kinetics of such a system as discussed by
Groma et al. [54]. Comparison with that work also demonstrates that a closeddescription
requires a second equation for the total densityρ (or, equivalently, the density squareρ2). In
the edge-screw case, we need in general three additional equations asEq . (I.2.18) and (I.2.17)




se. For these, evolution equations can be obtained
by averaging the evolution of the productsR2s , R
2
e , andRsRe. In the examples discussed in
the present work, however, it is in fact sufficient to consider Eq. (I.2.17) only, as will become
evident in the following.
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Application to constrained plastic flow
In the following we consider some examples of plane-strain deformation of thinfilms under
different boundary conditions,viz, the shearing of a thin film tethered to a non-deformable
substrate and containing either one single or two symmetrically inclined slip systems, and the
bending of a free-standing thin film containing two symmetrically inclined slip system . The
respective deformation geometries are illustrated in Figures I.3.1 and I.3.2.
Figure I.3.1: Illustration of the free surface thin film shearing case.
Figure I.3.2: Illustration of the free standing thin film bending case.
Instead of the slip system specific coordinate system used to formulate the dislocation dynam-
ics equations, we use in the following a Cartesian coordinate system where thex axis is normal
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to the plane of the film. We consider a homogeneous thin film of thicknessh with infinite ex-
tension in they andz directions. The Burgers vectors of the active slip system(s) are contained
in thexz plane and form an angleθ with thex direction (two angles±θ in case of symmet-
rical double slip). The whole problem can be easily identified as a plane strain one. Since
all variables depend on thex coordinate only (the problem is homogeneous iny andz), the
formulation effectively becomes one-dimensional.
The elastic-plastic deformation problem can be separated into two sub-problems. We first as-
sume a generic plastic strain distribution and solve the corresponding elastic boundary value
problem. This gives us the stress state corresponding to a given plastic strain distribution and
given externally applied tractions. In a second step, we deduce the evolution of the plastic
strain and the dislocation distribution from the dislocation dynamics framework defined in the
previous chapter.
I.3.1 Solution of the elastic problem
To find the elastic solutions required in the examples we assume an isotropic linear-elastic
solid and use a small-strain approximation. The stress is related to the elastic andplastic strain
tensors byσ = C(εtot − εpl). The total strain tensorεtot is the symmetrical part of the total
distortion tensorβtot = ∇utot whereutot = [ux, uy, uz] is the displacement field, andεpl
is the symmetrical part of the plastic distortion tensorβpl. The latter is determined from the





g ⊗ ni (the sum runs over all active slip systems).
Using the coordinate system in Figures I.3.1 and I.3.2, we find that the slip andslip plane
normal vectors in the case of symmetrical double slip are given by
e1g =
[

















and the elastic strain tensor follows as
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2u′x − (γ1 + γ2) sin 2θ 0 u′z + (γ1 − γ2) cos 2θ
0 0 0






The prime denotes derivative with respect to thex coordinate (all other derivatives vanish). The
resolved shear stresses for each slip system are obtained viaτ i(r) = ni · [σeig], and the case of
single slip is simply recovered by settingγ2 = 0.
Due to the superposition principle, the stress state can be considered as a superpo ition of a
’mesoscopic’ internal stress related to the shear strain fieldsγ1 andγ2 on the two active slip
systems (γ2 = 0 for single slip), which is evaluated for a body with traction-free surfaces, and
an ’external stress’ which corresponds to the stress state of the same body under the prescribed
boundary conditions but without plastic distortions. Both fields separately fulfill the stress
equilibrium conditiondivσ = 0. We first determine the internal stresses. The shear stress for








sin 2θ + σxz cos 2θ . (I.3.4)
Use of equilibrium conditions∂xσxz = 0, ∂xσxx = 0 together with the traction-free require-
ment provides us withσxz = 0 andσxx = 0. Thus for shear deformation in single slip the
shear stress reduces toτ = −σzz sin 2θ/2. By replacements from Hooke’s law
σxx =
2G(1 − ν)
(1 − 2ν) (εxx +
ν
(1 − ν)εzz) ,
σzz =
2G(1 − ν)
(1 − 2ν) (εzz +
ν
(1 − ν)εxx) ,
σxz = 2Gεxz . (I.3.5)
we eventually obtain
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τmf = −
sin2 2θ
2(1 − ν)G(γ1 + γ2) . (I.3.6)
For shear deformation in symmetrical double slip,γ1 = −γ2 and, hence,τmf = 0. For bending
in symmetrical double slip, on the other hand,γ1 = γ2 =: γ/2, and we similarly find for either
of the slip systems
τmf = −
sin2 2θ
2(1 − ν)Gγ . (I.3.7)




2 2θ1 + γ2 sin 2θ1 sin 2θ2
2(1 − ν) G ,
τ2mf = −
γ2 sin
2 2θ2 + γ1 sin 2θ1 sin 2θ2
2(1 − ν) G . (I.3.8)
Stresses due to externally applied tractions superimpose on the internal stresse evaluated
above. These stresses can be evaluated for a plastically undeformed body and then simply
added to the internal stresses. For shearing, we assume that a constanttractionσxz is applied
to the free surface of the film and all other surface stress components arzero. The conditions
∂xσxz = 0 and∂xσxx = 0 then simply yield a constant external stress
τext = −σxz cos 2θ . (I.3.9)
For bending the imposed loading consists of a pair of moments as illustrated in Figure I.3.2 and
zero surface tractions. For geometrical reasons the elastic strain distribut on over the thickness
follows a linear law (keep in mind that, in evaluating the ’external’ stress, we envisage a body
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whereR is an arbitrary constant. From the one-dimensional nature of the problem, thboundary
conditions at the upper and lower surfaces of the film (the surfaces aretraction-free) and the
equilibrium conditions∂xσxx = 0 and∂xσxz = 0, it follows thatσxz = σxx = 0. Thus the
only non-zero in-plane stress component isσzz. This evaluates (cf. Eq.(I.3.5)) as
σzz =
2G






We can further relate the constantR to the externally applied momentM by the simple relation
M = 2
∫ h/2
0 σzzxdx. Note that working on an infinitely extended bodyM is understood as the
moment per unit length. Substitution in Eqs. (I.3.3),(I.3.4) results in
τext = −
sin 2θ
1 − ν G
x
R
= −6 sin 2θMx
h3
. (I.3.12)
This concludes our discussion of the elastic problems, which for the simple geometries envis-
aged is straightforward. The much more complicated task of evaluating the plastic deformation
state is addressed in the next section.
I.3.2 Constitutive equations and solutions
The plastic problem is solved by determining the evolution of the dislocation system. To this
end, initial and boundary conditions need to be specified. As an initial conditi , we will
assume in all cases that, on each active slip system, equal densitiesρ0/2 of screw dislocations
of both signs, but no edge segments, are present. Owing to the plane-strai geometry, the
density of screw segments is conserved for this initial condition. Consequently, we may use in








se andκs are zero at all
times. Furthermore we note that, owing to the symmetrical configuration of the slip sytems,
the dislocation densities on both systems are equal such that in the following only one of them
needs to be considered.
On free surfaces, dislocation densities must fulfil the boundary conditionκe(x) = 0 [69]. For
the interface with the elastic substrate, the requirement of zero dislocation flux through the
interface (̇γ(0) = 0 for all times) imposes the boundary conditionγ(0) = 0 for the plastic
strain.
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For the chosen geometry, the variableκe, as all other variables, is a function of thex coordinate
only. This leads to the equation
∂tκe = − cos θ
κ2e
ρ2
∂x(ρv) + cos θρ
ρ20
ρ2
∂xv + κevk , (I.3.13)
whereρ2 = ρ20 +κ
2
e and the projection termcos θ stems from the fact that thex coordinate now
refers to the film normal direction instead of the slip direction as in Eq. (I.2.17). We further
note that, for the plane-strain configurations under consideration,κe = − cos θ(1/b)∂xγ. In




∂tκe = cos θρ
ρ20
ρ2
∂xv + κevk , (I.3.14)
The dynamic formulation is completed by specifying how the pseudo-scalar disocation veloc-
ity v relates to the local stress. As stated above, we use a linear stress-velocityr lationship with
a direction-independent dislocation mobilityB. The local stress is considered as a sum of four
contributions: (i) the mesoscopic stressτ(r) which derives from solving the elastic problem in
a continuum setting using the strain fieldγ(r) (see previous section). For the plane-strain ge-
ometries and initial conditions as specified above, this strain field can be simply obtained from
the densityκe and the boundary conditions, sinceκe = − cos θ(1/b)∂xγ; (ii) the line-tension
stressTk/b; (iii) the flow stressτf . In the present situation this is related to interactions with
forest dislocations, as well as interactions between screw (but not edge) se ments of opposite
signs. Since both the density of screw dislocations and the planar density offorest dislocations
intersecting the glide plane are conserved,τf = αGb
√
ρ0 is considered constant (a similar ap-
proximation of constant flow stress was made in [70, 71]); (iv) the back stres τb, which from
Eq. (I.2.14) is evaluated as




where we have used that the glide vectors of both dislocation orientations that may occur at a
given point have the samex component and the system is homogeneous in they direction.
Since the flow stress has the character of a friction stress, whereas the other stresses are conser-
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vative in nature and may recover upon unloading, it is convenient to define the local stress as











τloc − τf , τloc > τf ,
τloc + τf , τloc < −τf ,
0 otherwise .
(I.3.16)
In the following we focus on the quasi-static limitB → ∞, which gives in general a good


















∂xρ , τloc < 0 . (I.3.17)
In the quasi-static limit, equation (I.3.14) reduces to a balance equation between segment mul-
tiplication and segment rotation terms:
0 = cos θ
ρ20
ρ
∂xv + κevk , (I.3.18)









(τ(r) − τf) . (I.3.19)





ρ0 is the characteristic length of the dislocation system,κ̃e = κe/ρ0, ρ̃ = ρ/ρ0, and
τ̃ = τ/Gb
√





∂x̃ρ̃ = κ̃e(τ̃(r) − α) . (I.3.20)
From now on we will always refer to Equation (I.3.20) for describing the dislocation density
pattern. Accordingly, in the following all variables are understood as scaled, nd tildes are
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omitted.
I.3.3 Shearing of a thin film on an elastic substrate
Using the continuum dislocation representation formulated above, we examinethe size-dependent
deformation behavior of this system separately in single and symmetrical double slip, and in-
vestigate similarities and differences with previous theoretical approaches. It may be noted that
the problem under consideration is equivalent to the shear deformation ofa constrained chan-
nel with elastic walls on both sides; the free surface of the thin film simply corresponds to the
symmetry plane in the middle of the channel [69]. Hence, our considerationsnot only apply to
thin film deformation but also to channel slip as encountered, for instance,in the microstructure
of Ni-based superalloys.
I.3.3.1 Symmetrical double slip
For deformation in symmetrical double slip, the resolved shear stress in eachslip system is
constant and given by|τ | = τext = −σxz cos 2θ as shown before. For each of the two slip
systems, Eq. (I.3.20) transforms to
cos θ(1 + Dκ2e)
ρ2
∂xρ = −κe(τext − α) . (I.3.21)
Solution of Eq. (I.3.20) is quite straightforward, namely








whereh is the scaled film height.
In the following we measureγ in units of(b
√
ρ0)/ cos θ so that∂xγ = −κe in scaled variables.





(D − 1) + Dρ2
ρ
) + c1 , (I.3.23)
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where the constantc1 is determined from the boundary conditionγ(0) = 0.
Figure I.3.3 shows the size-dependent hardening behavior observedin the casesD = 0 (only
line tension) andD = 1 (line tension and back stress). In the former case, one observes an
Orowan behavior with an initial transient (bowing out of dislocations) and then perfect plasticity
at a critical stress which scales in inverse proportion with the film thickness.The behavior for
D = 1 is very different, as the system displays sustained hardening with a flow stress that
increases, at large strains, approximately as the logarithm of strain.
To further elucidate this behavior, it is useful to have a look at the strain profiles shown in
Figure I.3.4. ForD = 0 these are segments of ellipses and, at the critical stress,∂xγ diverges
at the interface with the elastic substrate, indicating the onset of sustained dislocation motion
at a constant stress level. (We note that forD = 0 and at the critical stress, the boundary
conditionγ = 0 at the interface need no longer be fulfilled. ForD > 0, on the other hand,
γ = 0 at the interface for all stresses). ForD = 1 the initial behavior is similar. At larger
strains, however, a roughly flat strain profile develops and a boundary layer emerges at the film-
substrate interface. The width of this layer is inversely proportional to the applied stress, and the
strain and dislocation density profiles are roughly exponential. This can beseen immediately by
noting that the boundary layer is characterized by a large density of dislocations in near-edge
orientations such that|κe| ≈ ρ ≫ 1 in Eq. (I.3.21). The density of edge dislocations piled
up against the interface increases with increasing strain, and the ever increasing back stress of
these dislocations leads to the observed hardening behavior.
I.3.3.2 Single Slip
In the case of single slip, the local stress is reduced by an amountτmf = −Θγ which is
proportional to the local strain as shown above. In non-dimensional vari bles, the coefficientΘ
is given byΘ = (sin 2θ)2/(2(1 − ν)cosθ). Hence our governing equation is
cos θ(1 + Dκ2e)
ρ2
∂xρ = κe(τext − α − Θγ) . (I.3.24)
Differentiating with respect tox and using∂xγ = −κe andρ2 = 1 + κ2e yields
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Figure I.3.3: Stress-strain curves for films of different thickness deforming in symmetrical mul-
tiple slip; parameters:ρ0 = 1013 m−2, θ = π/6, andb = 2.5 · 10−10 m. In each































Figure I.3.4: Plastic strain profiles for the casesD = 0 (left) andD = 1 (right), thin film
shearing in symmetrical double slip. In both cases the film thickness ish = 1 µm,
and the other parameters are as in Figure I.3.3. Stress values have beenchosen
to cover the full behavior range from bowing initiation to advanced hardening.
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Figure I.3.5: Stress-strain curves for films of different thickness deforming in single slip; pa-
rameters as in Figure I.3.3. In each case the lower curve refers toD = 0 and the







2 = (Θ/ cos θ)κe . (I.3.25)


























+ Dρ) . (I.3.27)
In order to determine the value of the integration constant we adopt an iterative procedure
since the imposed boundary conditions do not allow for direct evaluation. Starting from the
conditionκe(h) = 0 we seekc values that eventually satisfy the prescribed relationγ(0) = 0.
Alternatively, a purely numerical solution based on a forward difference has been used and was
found to produce equally accurate and less cumbersome results.
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The deformation behavior at first glance differs significantly from that insymmetrical double
slip. The reason for this is that a mesoscopic ’fibre stress’ is building up in the film.
This stress is proportional to the strain and counteracts the externally applied stress. As a con-
sequence, one observes an apparent hardening even in theD = 0 case. In this case, after an
initial transient which depends on specimen size, an asymptotically linear stress- ain rela-
tionship with size-independent slopeΘ is approached (see Figure I.3.5). ForD = 1, on the
other hand, the presence of an additional ’back stress’ due to dislocations piling up against the
film-substrate interface leads to an enhanced hardening which becomes morpronounced as
the specimen size decreases.
The presence of the strain dependent ’fibre stress’ diminishes the visibledifferences in strain
profile between theD = 0 andD = 1 cases (Figure I.3.6). However, the asymptotic char-
acteristics of the profiles in the large-strain limit remain similar to the double slip case, viz, a
semi-elliptical profile with vertical slope near the film-substrate interface forD = 0, and two
boundary layers of diminishing thickness forD = 1. This indicates that, in spite of the ap-
parent hardening associated with the build-up of a ’fibre stress’ in the filmduring single-slip






























Figure I.3.6: Plastic strain profiles forD = 0 (left) andD = 1 (right), thin film shearing in
single slip. Parameters as in Figure I.3.4.
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I.3.4 Bending of a free-standing thin film
For the bending of a free-standing thin film, the elastic and plastic strains are zero along the
neutral axisx = 0, γ(0) = 0. Because of symmetry reasons, it is sufficient to solve the problem
on the intervalx ∈ [0, h/2]. At the free surface of the film, the boundary condition is again
κe(h/2) = 0. No other boundary conditions are imposed. We note in passing that Sedlacek
[70] treated the same problem by imposing that the strain be zero within an ’elastic core’ of
the strip. This assumption necessarily introduces discontinuities in the derivative of the strain
γ, corresponding to points of infinite curvature of the dislocation lines. We find it difficult to
see how this can be reconciled with the use of a line-tension approximation fordesc ibing the
dislocation self-interactions.
The governing equation for this problem is similar to the previous ones, with thedifference that
the ’external’ stress now is a linear function of thex coordinate,
cos θ(1 + Dκ2e)
ρ2
∂xρ = κe(mx − Θγ − α) = κe(τext(x) − τmf(γ, x) − α) , (I.3.28)
where the constantm depends on the applied bending moment (cf. above).
Again, there is a mesoscopic internal stress in the film which is a function of thestrain in either






m[(1 − D)κe + D ρ arcsinhκe] + Θ(D − 1 + Dρ2)
ρ cos θ
. (I.3.29)
Again, we use an iterative procedure to obtain a solution which is consistentwith the assumed
boundary conditions. To this end, we chose a value ofm and then adjust the integration constant
c to satisfy the boundary conditionκe = 0 at the free surfacex = h/2. We then evaluate the
strain profile, using∂xγ = −κe with the boundary conditionγ(0) = 0, and determine the













(mx − Θγ)x dx . (I.3.30)

































Figure I.3.7: Inhomogeneous plastic strain distribution in bending forD = 0 (left) andD = 1
(right). Both figures are produced for film thicknessh = 1 µm, other parameters
as in Figure I.3.3
An investigation of strain profiles obtained in this manner (Figure I.3.7) demonstrate signif-
icant differences with the shearing problem. Strain profiles forD = 0 andD = 1 are very
similar, with strain fields that go smoothly to zero atx = 0. No boundary layer effects are
observed, and there is no evidence of an ’elastic core’ as imposed by Seldacek [70] through a
corresponding boundary condition. A comparison with the results of Sedlac k shows that, in
the present model, strains may become negative in the vicinity of the neutral axis, i.e., dislo-
cations there bow in a direction opposite to that imposed by the applied bending moment. (An
explicit comparison of strain profiles obtained with our and with Sedlacek’s boundary condi-
tion has been given by Sedlacek in the appendix to [70].) Generally speaking, our theory yields
larger strains for small stresses (the system is softer), however, for large bending moments our
D = 0 results approach those of Sedlacek, since in this limit the boundary conditions become
asymptotically similar (zero strain at or nearx = 0).
In spite of the apparent similarity in the strain profiles the hardening behaviorin the D = 0
andD = 1 cases is quite different. This can bee seen in Figure I.3.8 which shows fordifferent




In the absence of the ’back stress’ term (D = 0), the normalized bending momentM/h2
approaches a constant value which for largeh is proportional to the flow stress constantα.
For smallerh, one observes an initial transient and an asymptotically constant level ofM/h2
which is roughly in inverse proportion with, indicating an Orowan-type size effect. If the
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Figure I.3.8: Size dependence of the bending response (Strain average over half-strip vs. nor-
malized bending moment) forD = 0 (left) andD = 1 (right). Parameters as in
previous figures.
back stress term is taken into account(D = 1), on the other hand, the deformation behavior
changes significantly. Owing to the conditionγ(0) = 0, dislocations increasingly bend into
edge orientations and the accumulation of edge dislocations of the same sign in either half-strip
leads to an ever increasing back stress which gives rise to sustained hard ning, with a hardening




We have presented a framework which generalizes previous approaches towards density-based
dislocation dynamics in order to describe the kinematics and interactions of curved dislocation
lines. We subsequently utilized the theory to solve a series of reference problems with simple
plane-strain deformation geometries. In conclusion of our study, we assess the predictive power
of the approach by comparing the obtained results with recent experimentaldata on bending of
micron-sized samples as well as with three-dimensional discrete dislocation dynamics (3DDD)
simulations of microbending. Finally, we briefly discuss the relationship of ourapp oach with
other density-based models and assess its performance in view of the general stat -of-the art in
modelling of dislocation systems.
I.4.1 Side by side with experimental observation
The ultimate criterion for evaluating a theoretical approach is its ability to reproduce and predict
experimental observations. For mesoscopic and continuum models, a second method of valida-
tion consists in comparing their performance with the results of more elaborate computational
models which retain the full microscopic information. In the following, we validateour model
by comparing our results with recent microbending experiments by Motz et al.[16], as well
as with the results of 3DDD simulations of microbending by Weygand, Motz and co-workers
[72, 73].
I.4.1.1 Microbending experiments
Our investigation of the bending deformation of a free standing homogeneousthin film revealed
a strongly size dependent behavior which was brought up by a controlling mechanism distinct
from those assumed in classical continuum theories. Microbending experiments have been
performed on various materials, prepared with various methods and referring to either single
crystals or polycrystals. As the plastic response of polycrystals may be significantly altered by
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the presence of grain boundaries, we mainly refer to the experiments perform d by Motz et al.
[16] who investigate the bending behavior of monocrystalline beams with thicknesses down to
about one micron. In line with the results of the present theoretical study, these experiments
indicate that an Orowan mechanism enhanced by pile-up stresses governs the bending response
in the micron-sized regime.
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Figure I.4.1: Experimental bending strength of Cu single crystals, after Motz et al. [16]. Full
line: fitted power law. Size corresponds to thickness of the bended beam and the
moment stressM/bh2 to the ultimate load sustained.
Motz et al. evaluate the bending strength in terms of the ultimate load acting on the beam
by assuming a stress distribution characteristic of a perfectly plastic material. As depicted in
Figure I.4.1 the size-strength relation obtained in this manner is well fitted by a power law with
an exponent of about−1.5. This is below the exponent of−1 which characterizes the Orowan
mechanism of dislocation bowing, and thus the contribution of line tension to the dislocation
stress field. Motz et al. interpret this finding by assuming excess pile up stresses originating
from a family of dislocation sources. Still, their results seem to underestimate thestrengthening
process which takes place for decreasing sample sizes. It is noticeable tht the proposed power
law should trivially converge to a constant stress value matching the size insens tiv limit.
From the preceding chapters we expect that the description of dislocationin eractions used
in the present study, which assumes a constant flow stress ’background’ and combines line
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tension with a collective pile-up stress that develops in the dislocation ensemble, might yield an
appropriate characterization of this size-dependent deformation behavior. This claim needs to
be validated by quantifying the size-dependent strength predicted by the mod l and comparing
this with experimental observations.
For determining flow stresses from the theoretical deformation curves, weuse the engineering
concept of defining the flow stress as the stress value corresponding toa fixed small value of the
plastic strain. In bending where strain is not constant along the specimen thick ess, we use a
threshold value of the surface strain for this purpose. As shown in Figure I.4.2, the thus defined
flow stresses exhibit a strong size effect which follows a power law with anexponent−1.5, in
agreement with various experimental results. The values used in the calculations wereα = 1,
ρ0 = 2 · 1013 m−2, D = 0.7 andθ = 40◦, together with Al material parameters. Increasing the
threshold strain value used for defining the flow stress leaves the size exponent unchanged, but
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Figure I.4.2: Comparison between size-dependent flow stresses (normalized bending moments
minus their asymptotic values) obtained from our calculated bending curvesand
experimental data. Both theoretical and experimental data are well describ d by
a power law relation with exponent−1.5
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I.4.1.2 Dislocation dynamics simulations
Besides comparison with experimental data, a second method of validating mesoscopic or
macroscopic models is their comparison with the results of computations that operate on a
more microscopic scale and thus may give a more faithful representation of the physical pro-
cesses. This validation approach is particularly useful if the microscale model operates on
the basis of first principles, rather than depending on a large amount of phenomenological
input. To a certain extent this is true for 3DDD simulations which give a complete and rel-
atively accurate description of the interactions of discrete dislocation lines which depends on
no other input than the use of well established results from elasticity theory.A comparison of
our results with those of 3DDD simulations is particularly desirable as our theory is supposed
to provide an coarse-grained representation of the dynamics of discretedislocation systems.
Hence, the physical reality described and even the phenomenological ’input’ of the theories are
very similar, the main difference being a coarse graining step involved in the transition from
dynamics of discrete lines to dynamics of continuous densities. By comparing results of both
approaches, it should be possible to assess the impact of the inevitable approximations involved
in our coarse graining procedure, which represents the actual interactions of discrete lines by
semi-phenomenological ’flow stress’ and ’back stress’ terms.
From the dislocation dynamics simulations carried out by Weygand and co-workers [72, 73],
various interesting conclusions emerged. Most of them concern the burst-like nature of defor-
mation on small scales, which appears as a sequence of discrete bursts rather th n a lamellar
flow. This behavior will be examined in Part II of this thesis. The present theory, which does
not allow for fluctuation phenomena, can be considered a representationof he discrete dynam-
ics in terms of statistical averages; accordingly, we compare in the following with the data that
are obtained after averaging the strongly fluctuating bending response inthe 3DDD simulations
over many simulation runs.
In the 3DDD simulations, the simulated system was a monocrystalline beam consisting of a
fcc metal (parameters of Al were used) and oriented along a [100] axis,wh ch was deformed
in pure bending. The initial dislocation arrangement was defined by a random distribution of
dislocation sources of fixed lengthl0 = 0.22 µm, representing an initial dislocation density of
ρ0 = 2 × 1013 m−2. These sources were distributed evenly in space and over the available slip
systems, with the additional condition that sources were not allowed to intersect the specimen
surface. A bending moment was applied by appropriately displacing the endfaces of short
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beams with aspect ratio 3:1:1 and various thicknesses. The simulations record the positions of
all dislocation lines in the deformed samples, as well as the applied bending moment and the
total bending strain.
To compare our calculations with the 3DDD simulation results, we have to adjust the parame-
ters of our continuum model to match the situation in the simulations. The continuum model
contains four parameters: (i) the initial dislocation densityρ0, (ii) the inclination angleθ of the
slip systems, (iii) the flow stress parameterα, (iv) the back stress coefficientD:
(i) The initial dislocation density is chosen to be the same as in the 3DDD simulations,ρ0 =
2 × 1013 m−2. (ii) At sufficiently large strains, the dislocation density increase in bendingis
almost exclusively due to the accumulation of geometrically necessary dislocat ons (GND), and
the parameterθ determines the ratio of the actual dislocation density increase to the minimum
increase in GND density that would be required if the dislocation Burgers vector were parallel
to thez direction. Owing to the somewhat different slip geometries in the 3DDD simulation
and the continuum model, we treatθ as an adjustable parameter which we chose such as to cor-
rectly represent the observed dislocation density increase in the plastic regime (Figure I.4.3).



























Figure I.4.3: Evolution of the total dislocation density with increasing strain. The geometri-
cal parameterθ is determined by fitting to the linear increase of the dislocation
density at large strains.
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(iii) The flow stress parameterα in our model characterizes the contribution of short-range
dislocation interactions to the flow stress, and determines the initial point of yielding of the
material. In the 3DDD simulations, the yield stress is governed by the source length - it is
essentially the Orowan stress of the sources. We therefore adjustα such as to represent this
yield-stress controlling mechanism. Yielding occurs first at the surface where the stress is
highest. Since, in the 3DDD simulations, sources are separated from the surface by a distance
of at least their half-lengthl0/2, and the stress profile is linear prior to yielding, this happens
when the surface stress (resolved shear stress in the active slip systems) m et the condition
τsurf(h − l0)/h = CLTGb/l0 whereCLT is a constant of the order of one which characterizes
the line energy of the dislocations. In our continuum model, on the other hand, yiel ing occurs
at the surface once the surface stress meets the flow stress,τsurf = αGb
√
ρ0. Equating both
relations, we obtainα = CLTh/[(h− l0)l0
√
ρ0. The constantCLT is treated as a fit parameter,
and an adequate fit of the stress-strain curves is obtained by adjustingCLT such thatα ≈ 1
for h = 0.5 µm. α values for other thicknesses are then obtained fromαh = α0.5(h/0.5) ·
(0.5− 0.22)/(h− 0.22). (iv) The back stress parameterD governs the hardening behavior and
is determined by fitting to the stress-strain curves in the plastic regime.
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Figure I.4.4: The figure shows fits of our continuum results to the 3DDD simulations. The
legend shows the parameters used.
It is seen that, in spite of the significant differences in the initial dislocation configuration, the
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discrete and continuum models provide a good match as seen on Figure I.4.4 for all the range of
thickness tested, once the flow stress parameterα is adjusted to match the different flow stress
controlling mechanisms, leaving onlyD as a fitting parameter to be estimated. It is notable that
with no change ofD fittings were consistent throughout the studied regime of sizes.
Both the continuum and discrete dislocation dynamics models give access to thespatial pat-
terns of dislocations and to the plastic strain profiles which characterize the inhomogeneous
deformation process. Profiles of the dislocation density tensorαij were extracted from the sim-
ulations by cutting the bending beam into slices perpendicular to thex axis and evaluating the







where the sum runs over all dislocation segments contained in the slice of volumeVk centered
aroundxk, ln,i is the projection of thenth segment on thexi axis, andbn,j the projection
of its Burgers vector onxj . Dislocation density tensor profiles were averaged over several
simulations and strain profilesεzz(x) were obtained by integration, using the relationαyz =
∂xε
pl
zz(x). Results are shown in Figure I.4.5 together with strain profiles obtained fromthe
















 Total strain 0.004
 Total strain 0.006
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Figure I.4.5: Local distribution of the plastic strain across the specimen thickness for a spec-
imen of thicknessh = 1.5 µm and various values of the bending strain (total
surface strain).
60 CHAPTER I.4. SYNOPSIS & DISCUSSION
It is seen that the strain profiles produced by the discrete and continuum dislocation dynamics
models are very similar. Notable is the complete absence of the central elastic zone predicted
by classical plasticity theory. Instead, at small total strains we find that the strain profiles
exhibit three inflection points. At larger strains, the profiles straighten outand become almost
linear in the central part of the sample, curving to horizontal near the surfaces. The agreement
between discrete and continuum models is achieved despite the striking differences in the initial
dislocation configuration (straight threading dislocations of uniform orientation vs. randomly
oriented and distributed sources). This can be interpreted to imply a relativeindependence
of the response from many details of the initial dislocation distribution, flow mechanism and
even deformation geometry. In particular it is important that the evolution of thegeometrically
necessary dislocation arrangement, or equivalently the strain profile, virtually coincides in the
discrete and continuum models. This is a strong indication that the present modelling approach
holds a strong physical foundation and is not just another nice phenomenological fitting of
limited use. The dislocation state is captured in a precise manner and this is of keyimportance
for any investigation to follow.
I.4.2 General discussion and conclusions
To put our work into context, we focus on other investigations related to the formulation of sta-
tistical averages and the incorporation of ’microscopic’ dislocation interacions into dislocation
density-based theories of plasticity. A mathematical discussion of the formal relations between
different density-based approaches that have been proposed fordescribing systems of curved
dislocations [42, 59, 60] can be found elsewhere [61, 62].
The different theories proposed in the literature differ in the density measur s used. Accord-
ingly, the evolution equations have at first glance different formal structu e. For systems of
discrete dislocation lines, however, any sensible theory reduces to the classical kinematic evo-
lution equation of the dislocation density tensor, and therefore for this caseall d nsity-based
theories tend to be equivalent. The same is true for continuously distributed bndles of parallel
dislocations, where it is possible to uniquely assign a dislocation orientation to each point in
space. As far as the kinematics of such problems is concerned, the choiceof any particular
theory seems to be largely a matter of taste.
Problems arise, however, as soon as one leaves the discrete-dislocations le and proceeds to
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do averages. In general, dislocation arrangements consist of segmentsof multiple orientations
within one and the same mesoscopic volume element. This leads to two problems: (i) Rele-
vant kinematic information is lost if one uses the average dislocation density tensor o ly. This
problem is well-known: The rotation-free plastic distortion which results from the motion of
’statistically stored’ dislocations with zero net Burgers vector cannot be captured in terms of
the averaged dislocation density tensor, which depends only on theexcessBurgers vector con-
tained within the averaging volume. (ii) A second problem is less commonly addressed. The
dynamics of dislocation segments depends on the stresses actingon the segments. It is there-
fore inadequate to describe the local stress state in terms of a simple volume average over some
mesoscopic volume – rather, one has to take conditional averages over only th se positions
within the mesoscopic volume element which are actually occupied by the type of dislocations
under consideration. Speaking in physical terms, one has to find a way ofkeeping track of
the relative orientation of dislocation segments and the topological structure of th dislocation
network, as these are the parameters which determine the local flow stress.
In the present work, we used a semi-phenomenological model which describes ’microscopic’
dislocation interactions in terms of a local flow stress fulfilling Taylor’s relation, plus two non-
local terms related to dislocation curvature (’line tension’ stress) and to repulsive stresses be-
tween individual dislocations of the same sign (’back stress’). In particular, we have shown
for different constrained deformation geometries (shearing of a thin film (or equivalently a slip
channel), microbending) that the first of these terms leads to an Orowan-type size effect on the
flow stress. Inclusion of the second term leads to sustained size-dependent hardening as dislo-
cations in near-edge orientations with increasing strain pile up against the intrinsic boundaries
(the film-substrate interface in case of thin film shearing and the neutral fiber in the case of
bending). In the thin film case, the ’back stress’ term gives rise to the formation of a bound-
ary layer with an excess dislocation density that decreases exponentially from the boundary,
and a corresponding increase of the strain. Similar exponential boundary layers have been
reported in experiments (deformation of bicrystals [74]) as well as in discrete simulations of
deformation of thin films or, equivalently, slip channels [75]. In the case ofmicrobending, the
’back stress’ leads to a stronger dependence of the flow stress on sizethan xpected for pure
Orowan behavior, in agreement with experimental observations. For microbending, the calcu-
lated stress-strain curves and strain profiles are in good agreement with the results of 3DDD
simulations, indicating that our approach succeeds in adequately capturingessential features of
the interactions of discrete dislocation lines within a continuum setting.
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Further investigations are required to validate the present or similar continuum approaches by
comparing the results with discrete dislocation dynamics simulations for other defo mation
setups. We have seen that the present theory is capable of reproducing some key features of
discrete simulations - it allows to understand size effects on flow stress and hardening, as well
as the formation of boundary layers in constrained plasticity. However, there is still scope for
improvement. In particular, none of the presently available continuum models has yet managed
to include in a consistent manner the operation of localized sources (as oppo ed to the bowing of
dislocations which thread the entire system). At the same time, systematic investigations of size
effects in various geometries by 3DDD simulation are still missing. Owing to the inhere tly
stochastic character of microplasticity, such simulations, to be useful, have tobe carried out
as statistical ensemble simulations rather than ’one-off’ runs - a requirement which obviously
greatly increases the computational effort. In conclusion, we think it necessary to include
dislocation multiplication and sources into the present, or related, continuum theories and to
provide 3D benchmark simulations for assessing the validity of such generalizations.
From a continuum mechanics viewpoint it is interesting to note that both the ’back stress’ and
’line tension’ terms can be understood as stresses which relate to second-order gradients of the
plastic strain: The line tension is a second gradient of the plastic shear strainin the dislocation
line direction, and the back stress (or ’pile-up stress’, cf. [54]) is a second gradient of the plastic
shear strain in the direction normal to the dislocation line. This suggests that, in the spirit of
Aifantis’ proposition to introduce second-order strain gradients into macroscopic plastic flow
rules (see e.g. [21, 52]), it might be possible to unify both terms to yield a generic formalism of







The images of metals being rolled into sheets, being forged by blacksmiths or thesimple ev-
eryday bending of a paperclip are at the root of the common perception thatplasticity is in its
essence a smooth and steady flow of material. However, recent experimental findings rang-
ing from compression tests on micron-sized specimens to acoustic emission measurements on
macroscopic crystals demonstrate that deformation on microscopic and mesoscopic scales pro-
ceeds through an intermittent series of bursts (’slip avalanches’) with power-la size distribu-
tion – attribute which indicate a collective organization to a critical-like state. Suchcharac-
teristics seem to match well the framework of Self Organized Criticality (SOC) [76–78] and a
number of its concepts were utilized in the explanation of the underlying dislocation dynamics
that control the evolution of plastic deformation.
These new discoveries question the validity of our long used mean field approaches where
fluctuations – however conspicuous they may be – are neglected by definition. In this chapter
we present an overview of experimental and theoretical investigations exploring the intermittent
and heterogeneous nature of plasticity which motivate the questions that we address in our
subsequent analysis.
II.1.1 Avalanches in plasticity: Experimental observations
Localization of deformation on macroscopic scales has been a major challenge for the develop-
ment of appropriate constitutive models for many years. Macroscopic localization commonly
initiates and subsequently evolves in the material softening regime where the ensuing plastic
instabilities can give rise to various kinds of interesting phenomena. The necessity to formu-
late constitutive equations capable of capturing the phenomenon of spontane us deformation
localization in a mathematically well-posed manner led to the development of gradient plas-
ticity models as introduced by Aifantis and co-workers [50, 51, 79] and a vast number of other
researchers. In many physical situations the inclusion of gradient terms proved to be a mathe-
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matically sound and physically motivated means for dealing with the problem of heterogeneous
deformation in unstable plastic flow.
However, deformation heterogeneity and slip localization are not necessarily associated with
macroscopic deformation instabilities. On the microscopic scale, slip localization isa trivial
consequence of the discreteness of defects. In crystalline solids the Burg rs vectors of dislo-
cations, which carry the plastic deformation, evidently define discrete ’quanta’ of slip. Slip
localization phenomena which take place in spite of macroscopically stable deformati n may
also be observed on mesoscopic scales where they involve the collective dynamics of very large
numbers of elementary defects. A classical example is the formation of slip linesor slip bands
in crystalline solids deforming by planar slip (for an extensive report of experimental observa-
tions see [80]). The slip steps on the surface of these materials manifest thecollective motion
of large numbers of dislocations, leading to an intense deformation that is highly localized on
the sub-micron scale while macroscopic deformation is smooth and homogeneous. It has been
shown by different authors that slip patterns exhibit long-range spatialcorrelations which can
be described in terms of fractal statistics. The relationship between the fractal n ture of slip
and the surface morphology of plastically deformed crystals has been discussed by Zaiser et al.
[81], who demonstrated that the surface of plastically deformed Cu samplesdev lops self-affine
roughness over several orders of magnitude in scale.
Heterogeneity of slip in spite of macroscopically stable deformation is illustrated inFigures
II.1.1-II.1.2. Figure II.1.1 shows surface profiles of a Cu polycrystalwith an initially flat
surface (rms roughness< 2 nm as determined by atomic force microscopy over an area of
6 × 6 µm2) after deformation to9.6% tensile strain. The statistically self-affine nature of the
profiles can be inferred by comparing profiles taken on different scale: h re by atomic force
microscopy (AFM, profile length25 µm) and scanning white-light interferometry (SWLI, pro-
file length2 mm). A quantitative measure of self-affinity is the so-called Hurst exponentH:
For a self-affine profiley(x) the average height difference|y(x) − y(x + L)| increases likeLH
(see Figure II.1.2). Zaiser et al. [81] find that the Hurst exponent ofsurface profiles from ten-
sile Cu samples decreases within the first few percent of strain and then saturates atH ≈ 0.75.
Such a result ofH > 0.5 emphasizes the existence of long range correlations and collective
action of dislocations.
Recent compression experiments on micrometer sized Ni single crystals perform d by Dimiduk
et al. [82] revealed even more remarkable features of the mechanisms underlyi g plasticity (as
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Figure II.1.1: Surface profiles of a Cu polycrystal deformed in tension to a total strainεtot =
9.6%. Top: AFM profile; bottom: SWLI profile. The x direction is parallel to the
direction of the tensile axis. After Zaiser et al. [81]
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Figure II.1.2: Roughness plots (mean height difference versus distance along the profil ) for
AFM and SWLI profiles obtained at strains of9.6 and17.8%. The corresponding
profiles forεtot = 9.6% are shown in Figure II.1.1. After Zaiser et al. [81].
Figure II.1.3: Left: Selected shear-stress versus shear-strain curves for Ni samples with
〈2, 6, 9〉 orientation,≈ 20 µm in diameter, showing intermittency of strain and
stress. Right: Event frequency distribution showing the number of slip events of
a certain size versus event size, plotted on logarithmic scales. Power law scal-
ing over more than two orders of magnitude is exhibited for both a single sample
≈ 20 µm in diameter (open circles and dashed line fit) and the aggregate data
from several samples (solid circles and solid line fit). After Dimiduk et al. [82].
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illustrated in Figure II.1.3). Dimiduk et al. were able to identify discrete events which lead to a
step-like, strongly size-dependent material response. Analysis of the frequency of large events
indicates power law scaling analogous to the frequency distribution of earthquake magnitudes
where shock and aftershock action seem to obey very consistent power law distributions (for
additional details see [83]).
Figure II.1.4: Distribution of energy releases in acoustic emission during creep deformation
of ice single crystals; temperature263 K, resolved shear stresses on the basal
plane as indicated in the inset. After Miguel et al. [84].
Information about the temporal dynamics of plastic flow can also be acquiredfrom acoustic
emission measurements. Measurements on ice single crystals reported by Miguel et al. [84]
and Weiss and Grasso [85] indicate an intermittent acoustic signal composedof discrete ’events’
with a scale-free size distribution extending over more than 8 orders of magnitude without any
apparent cut-off. The probability density to observe events with energyr leaseE decreases
according top(E) ∝ E−1.6 (Figure II.1.4). All these observations indicate that plastic defor-
mation proceeds in avalanches with a power-law size distribution reminiscent of the power-law
distributions observed in many systems close to critical points.
II.1.2 Theoretical approaches
Although accurate in many aspects, deterministic continuum models like those formulated in
Part I of the present thesis are incapable of accounting for spatio-temporally fluctuating behav-
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ior since fluctuations are eliminated almost by definition through the averaging steps required
to arrive at a continuum density-based formulation. Therefore, such models may give access
to the averagedeformation behavior that emerges if the sample is large or the deformation
response is averaged over many small samples. They can, however, not account for the fluc-
tuations of plastic flow that are conspicuous in the deformation of individualmicron- and sub-
micron sized samples. Therefore, alternative modelling techniques that areable of capturing the
avalanche dynamics in plasticity were pursued in a number of theoretical approaches. These
approaches differ in the way the deformation state is represented; however, the main results
obtained from all of these fit themselves into a consistent picture of plastic yielding as a non-
equilibrium phase transition. Not going into further details, the three major models that may
be employed are: (i) models which describe plastic flow in terms of the deterministicmo on
of discrete lattice dislocations (discrete dislocation dynamics) with random initiald stribution
[72]; (ii) phenomenological models which describe plastic deformation in termsof the evolu-
tion of shear strain on crystallographic slip systems [86, 87], and account f r the influence of
the underlying dislocation dynamics in terms of fluctuations in the local stressstrain relationship
(stochastic continuum models); (iii) phase-field models which take an intermediate position as
they describe plasticity in terms of shear strain on crystallographic slip systems, but resolve the
strain on a scale where individual dislocations can be identified as localizedgradients of the
strain field [88]. Each of these models is capable of describing heterogeneity and avalanche
phenomena in plastic flow, and the available results appear to be mutually consistent.
II.1.3 Scale free or near scale-free?
As we have seen in Section II.1.1, plastic strain increments∆ε 1 produced by slip avalanches
are power-law distributed,p(∆ε) ∝ ∆ε−κ where the exponentκ is found to be approximately
1.5 [82, 84, 86, 89].
This raises an intriguing problem: If we consider a deformation curve (stress vs. strain in case
of strain-controlled testing, stress vs. time in case of creep testing), then thiscurve will consist
of a sequence ofN avalanches such that the total plastic strain is given byεtot = N〈∆ε〉N
where〈∆ε〉N is the average strain increment produced by each of theN events. Most of the
avalanches will of course be very small. However, if we evaluate the contribution ∆ε(N)max/εtot
1For brevity of presentation from hereon we useε instead ofεpl to symbolize plastic strain, which is the only
strain we will be referring to.
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of the largest event (of size∆ε(N)max) to the total deformation, then we find a surprising result:
For p(∆ε) ∝ ∆ε−κ with 1 < κ < 2 we find that in the limitN → ∞ this ratio tends towards
a finite value less than1 (see e.g. [90] where a similar calculation was performed for the area
occupied by the largest cell in a cell structure with power-law distribution ofthe cell sizes).
In other words, whatever the specimen size, the largest avalanche should always be directly
visible on the macroscopic deformation curves. Experimentally, however, smooth behavior
is observed on macroscopic scales and deformation bursts become apparnt only when the
specimen dimensions are reduced down to the micron scale.
Different explanations have been proposed to resolve this paradox. Zaiser and Moretti [86]
proposed that the avalanche size may be limited by intrinsic hardening. Along similar lines,
Richeton et al. [91] argued that the avalanche size in ice polycrystals may be limited by strong,
grain-size dependent kinematic hardening induced by the strong plastic ani otropy of the ma-
terial. Another possible explanation is that the avalanches might exhibit lamellarg ometry
(fractal dimension close to 2). Owing to the small volume involved in the deformation pr cess,
such avalanches would produce only a small macroscopic strain even if their magnitude is lim-
ited by the system size only. This idea is in agreement with traditional ideas aboutdef rmation
localization in slip lines and slip bands [80], but also with recent experimentalobservations
which indicate that deformation localizes in lamellar regions with local strains distributed ac-
cording to a power law with exponent close to1.5 [89]. Unlike the conjecture of Zaiser and
Moretti, this proposition predicts anextrinsic limit to the avalanche size, in line with the idea
of self-organized criticality.
In the following investigation we use a time-continuous generalization of the cellular a tomaton
model of Zaiser and Moretti [86] to clarify the respective influences of intrinsic (hardening) and
extrinsic (specimen shape and size, driving mode) parameters on the size of deformation bursts
in crystal plasticity. The model formulation is also extended to include driving by an external
’machine’ of variable stiffness. We then use the model to investigate avalanche size distribu-
tions and establish scaling relations which allow to estimate the size of the largest avalanches
under various experimental conditions.
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Chapter II.2
Description of the Model
In order to model the distinctive attributes of plastic flow associated with fluctuating behavior,
we use a phenomenological constitutive model which builds on previous work by Zaiser and
Moretti [86] and Zaiser and Aifantis [87, 92]. The model uses conceptsof the dynamics of ran-
dom media by assuming that plastic deformation of a given volume element involves a random
sequence of hardening and softening processes. This idea providesa rather generic framework
that covers a broad range of phenomena where heterogeneity and intermittency emerge. In this
sense the model is not limited to dislocation-based crystal plasticity but can equally well be
applied to the deformation of amorphous materials or even the rheology of yield-str ss fluids.
In the present work, however, we shall always try to relate the local hardening and softening
processes to dislocation motions. By estimating the model parameters in a way thatis con-
sistent with the scaling properties of dislocation systems, we arrive at predictions that can be
directly compared with experimental observations or simulations of dislocation plasticity. The
model that is presented in the following preserves the basic structure of [86, 87] but improves
and further develops the existing model by introducing various generalizations concerning the
driving mode and the local resistance evolution in the system.
II.2.1 Basic structure of the model
We adopt as our starting point a rate-dependent crystal plasticity model includi g isotropic
and kinematic hardening [3] on each slip system, as commonly used in engineering models of
crystal plasticity. The basic idea of the model is to generalize the simple viscoplatic relation
already presented in introductory Part 0 (Eq. (0.3.3)) to obtain the activation condition
|τ (i) − τ (i)b | > τ
(i)
f (II.2.1)
and the evolution equation
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γ̇(i) =
{





sign(τ (i) − τ (i)b ) , (II.2.2)
wherem andµ are material parameters and the plastic shear strain rateγ̇(i) quals0 for the
activation condition in Eq. (II.2.1) not being valid.τ (i) is the local stress resolved in the re-
spective slip systemi and is obtained in the standard manner by solving the elastic problem.
The stressesτ (i)f (’flow stress’) andτ
(i)
b (’back stress’) relate to isotropic and kinematic hard-
ening, respectively. The constitutive model is complemented by phenomenological evolution
equations which give all stresses as functions of the shear strains on thediffer nt slip systems,
or relate them to the evolution of dislocation densities.
II.2.1.1 Evolution of the local flow stress
The flow stress in the constitutive equation Eq. (II.2.2) represents both lattice friction and the
resistance that stems from the interactions of defects. Neglecting the constant contribution of
lattice friction, we may say that the isotropic flow stress mimics, on a macroscopic scale, the
action of ’microscopic’ internal stresses (e.g., the stress fields of other dislocations). As we
decrease the scale of our description, it is evident that the notion of a constant and isotropic
flow stress cannot be sustained. Instead, the irregular fluctuations of the internal stress field on
the scale of the individual defects become more and more apparent. Accordingly, we envisage
τf as a fluctuating stress which we describe in a phenomenological manner taking into account
the following observations:
• The work done locally by the internal stress along any sufficiently long strain p th
should be close to zero. (The internal stresses, on average, neither stor nor dissi-
pate energy.) In other words, the strain average of the fluctuating stress, 〈τf(r)〉∆γ =
(1/∆γ)
∫
∆γ τf(r, γ)dγ should be zero for sufficiently large strain intervals∆γ.
This requirement can be motivated by two observations: (i) Internal stresses by their very
nature cannot dissipate energy, and this property should be retained in aphenomenolog-
ical model. (ii) Energy can, in principle, be stored in the form of internal elastic stress
fields. However, the amount of mechanical work stored, during plastic deformation of
most metals, in the form of internal stress fields is often quite small (typically< 10%)
and decreases with increasing deformation, see [93]. As a consequence, it is a reason-
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able approximation to set this fraction equal to zero. (Materials with strong kinematic
hardening may be an exception to this rule.)
• The fluctuating stress field exhibits strong variations in space. As correlations in the
arrangement of individual dislocation lines are restricted to a few dislocation spacings
(Zaiser et al. [55, 93]), the same holds true for variations in the fluctuatings ress field.
Hence, flow stresses at locations separated by more thanξ ≈ 1/√ρ are statistically
independent.
• Changes in the local value of the fluctuating stress correspond to changesin the local
dislocation configuration. Such changes require a characteristic local strain increment
γcorr ≈ b
√
ρ. Changes in the statistical properties of the fluctuating stress field, on the
other hand, occur on the much larger strain scale characteristic of strain hardening.
• As we refrain from tracing the dislocation positions within each volume element, the
high-dimensional dynamics of dislocation segments is mapped on a stochastic term in he
stress evolution. Consequentially, the fluctuating stress is to be considereda stochastic
variable. Its characteristic range of variation can be estimated by the mean passi g stress
between two dislocations.
As a phenomenological model which is in line with these observations, we assume that the evo-
lution of the fluctuating stresses is governed by a simple Ornstein-Uhlenbeckpro ess defined
by the stochastic differential equation
γcorr∂γτf(r, γ) = −τf(r, γ) + Qw(r, γ) (II.2.3)
wherew(r, γ) is a Gaussian white-noise process with correlation function〈w(r, γ)w(r′, γ′)〉 =
ξf(|r − r′|)δ(γ − γ′) where the functionf with the propertiesf(0) = 1 and
∫
f(u)du = ξ is
a short-range function dropping to zero over the characteristic rangeξ. The long-time solution
of Eq. (II.2.3),τf(γ, r) is a Gaussian stochastic process with the correlation function






f(|r − r′|) . (II.2.4)
Hardening implies an increase of the dislocation density and, concomitantly, ofhe internal-
stress fluctuations. This is modelled in terms of a slow parametric evolution of the amplitude
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Q =
√
〈τ2f 〉 with strain:
∂tQ = q|∂tγ| , Q(0) = Q0, (II.2.5)
whereQ/q ≫ γcorr (i.e. the relative rate of change of the stress fluctuation amplitude is
small over the characteristic correlation strainγcorr). The parameterq defines the hardening
coefficient as we will see below.
II.2.1.2 Representation of the local back stress
Presence of strain gradients leads to accumulation of dislocations of the samesign. Thus an
additional stress contribution emerges. The short-range repulsive interactions between disloca-
tions have been shown to give rise to a back stress which, as deduced in the previous Part I,
scales like the second gradient of strain (see also Groma et al. [54]). Inthe most general sense,
this can be written as
τb = ∇D∇γ (II.2.6)
whereD is a tensor which, in the case of dislocation back stresses, scales like the inverse
dislocation density.
II.2.1.3 Evaluation of the mesoscopic stress state
The final step consists of evaluating the shear stressτ on the active slip system. It is worth
mentioning that due to the prescribed fluctuations in the local flow stress, different volume el-
ements may exhibit different degrees of plastic deformation, i.e. the plastic shear train field
γ(r) may be spatially inhomogeneous on the ‘mesoscopic’ scale of variation ofγ(r) even if the
macroscopic deformation state might be spatially homogeneous. This case should be visualized
as that of a dislocated body where stresses due to the applied surface tractions superimpose on
internal stress fields created by the dislocation arrangement. Accordingly, we adopt a standard
method for solving the boundary value problem at hand [94] by splitting the problem into three
parts. In a first step, we consider the body under consideration as embedded into an infinite
reference body and solve the problem of the internal stress state arisingf om the inhomoge-
neous shear strain fieldγ(r) in the infinite body. In a second step, we restore free-surface
boundary conditions by applying appropriate tractions on the actual surface of the deforming
body. Finally, we account for the stresses arising from tractions and/ordisplacements that are
prescribed on the surface.
II.2.1. BASIC STRUCTURE OF THE MODEL 77
We first consider the problem of evaluating the internal stress associatedwith an arbitrary in-
homogeneous plastic distortion field created by crystallographic slip in an infinite body.
We consider a single slip system (situations with slip on multiple slip systems are simply treated
by adding the respective stress contributions) and assume without loss ofgenerality that the slip
direction coincides with thex direction, and they axis is normal to the slip plane. In this case,
the plastic distortion field has the structureβpl = γ(r)ey ⊗ ex. The stresses associated with
this distortion fields can be interpreted as arising from an arrangement of edge dislocations
with densityρe(r) = −∂xγ(r), and screw dislocations with densityρs(r) = −∂zγ(r). Ac-
cordingly, the stress field can be written as
σ∞(r) = −
∫
σe(r − r′)∂xγ(r′)d3r′ −
∫
σs(r − r′)∂zγ(r′)d3r′ , (II.2.7)
whereσe andσs are the stress fields generated in an infinite medium by screw and edge dislo-
cation segments of unit strength and unit length.
For plane-strain conditions, whereγ depends on thex andy coordinates only, this simplifies to
σ∞(r) = −
∫
σe(r − r′)∂xγ(r′)d2r′ . (II.2.8)
By partial integration, the stress field can alternatively be expressed as afunctional ofγ itself.
In particular, by using the shear stress field of an edge dislocation we findthat the resolved
shear stress in the slip system under consideration can be written as
τ∞(r) =
∫
[γ(r′) − γ̄]Γ(r − r′)d2r′ , (II.2.9)













4(1 − ν)δ(r) . (II.2.10)
The first term contributing toΓ, which has zero angular average, leads to an anisotropic, non-
local stress re-distribution. The second term, on then other hand, has mean-field character:
According to this term, the local stress differs from the average stress byan amount that is
78 CHAPTER II.2. DESCRIPTION OF THE MODEL
proportional to the difference between the local strain and the average strain in the infinite
system.
For the case of a general three-dimensional strain field, the procedureof derivation is somewhat




βpl(r′)Γ(r − r′)d3r′ . (II.2.11)
The problem of evaluating the Green’s functionΓ in the general case is discussed in detail by
Zaiser and Moretti [86] as presented in Appendix B. Also in this case it canbe shown that the
internal stress state can be represented as a superposition of a mean-field contribution and a
non-local anisotropic term.
Once the problem for the infinite body is solved, we prescribe tractions to offset the stress
σ∞(r) on the actual surface of the deforming body and restore free-surface conditions. Solving
the corresponding elastic problem gives an additional stress contributionσsurf(r). The sum
σ∞(r) + σsurf(r) solves the internal-stress problem in the inhomogeneously deformed finite
body with free surfaces.
Finally, we solve the elastic problem for the homogeneous finite body with imposed surface
displacements and/or surface tractions. The resulting stress fieldσext(r) is in the following
termed the ’external’ stress as it is related to the external action (as opposed to internal strain
heterogeneity) on the deforming body.
II.2.2 Formulation for single slip
We consider plastic deformation by crystallographic slip on a single active slipsystem. Hence,
the deformation state is completely characterized by the scalar shear strain field γ(r). Gathering
all the stress contributions described above and inserting them in Eq. (II.2.2) we obtain for the
evolution of the shear strain the equation
γ̇ =
{ |τext + τ∞ + τsurf − τb| − τf
µ
}m
sign(τext + τ∞ + τsurf − τb) , (II.2.12)
which for unidirectional deformation (no stress reversal) can be simplifiedby omitting the ab-
solute value signs together with thesign(...) term. The first three stress terms in the expressions
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on the right-hand side originate from solving the elastic problem for the (in general) inhomo-
geneously deformed body, whereas the second two terms describe the microscopic stresses that
arise from defect interactions on a local scale. Without loss of generality, we assume that the
slip direction corresponds to thex direction of a Cartesian coordinate system and the slip plane
is thexz plane.
We assume plane-strain deformation (i.e.γ = γ(x, y)) and impose periodic boundary condi-
tions to mimic a homogeneously sheared infinite body. Thusτsurf is understood as the stress
resulting from the periodic images of the simulation cell, andτext is simply a constant. As
noted by Zaiser and Moretti [86] form = 1, Eq. (II.2.12) can be reshaped to become formally
equivalent to the overdamped equation of motion of an elastic manifold:
∂tγ = τext +
∫
γ(r′)Γ(r − r′)dr′ + Dγxx + τf(r, γ) . (II.2.13)
This indicates that our model is in the universality class of elastic manifold depinning.
II.2.3 Numerical Implementation
We discuss the numerical implementation of our model for the linear-visoplastic casem = 1
(see also [95]). We discretize space by using a square lattice and identifythe lattice constant
with the characteristic correlation lengthξ ≈ ρ−1/2 of the fluctuating flow stress field. Alter-
natively, we may view each lattice site as the characteristic volume occupied by aislocation
segment. Accordingly, ours is a ’minimal’ discretization where deformation on each volume
element occurs by movement of a single dislocation. Further, we assumeD = 0 since, as far
as the avalanche dynamics is concerned, the local interactions expressed by the gradient term
are overshadowed by the effect of the long-range stressτ∞ + τsurf . Because of the long-range
character of this stress, deformation events usually occur at distant locations even though they
pertain to the same slip avalanche. (We note that, on the other hand, the presence of the gradient
term is essential for understanding the striated nature of the slip pattern, asdiscu sed by Zaiser
and Moretti [86].)




′)dr′ is evaluated as the sum of the stresses of edge dislocations of strengthγi+1,j−γij
that are placed midway between the lattice points in thex direction. To conform with the
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imposed periodic boundary conditions, the edge dislocation stress field mustbe considered as
the stress field of a dislocation plus the Ewald sum over its infinitely many periodicimages.
This is evaluated in an approximate manner by first summing up analytically over the row
of images in the direction perpendicular to the slip plane. This summation, which can be
performed analytically (see Hirth-Lothe [96]), leads to an expression that decays exponentially
in the slip direction, such that only a small number of images are needed in that direction in
order to achieve good accuracy.
The stochastic fieldsτfij = τf(rij , γij) are modelled as independent Ornstein-Uhlenbeck pro-
cesses located at the respective lattice points. We allow positive strain increments only (rate-
dependent implementations which allow the strain to locally decrease have beenshow to yield
similar results, see review by Zaiser [1]). In the simulations, the local strain at the lattice point






τ(rij − r′)∂xγ(r′)d2r′ + τfij(γij)
)
∆γ0 > 0 , (II.2.14)
where∆γ0 is a small reference fixed amount. The strains are updated in parallel, and the ew
stresses are evaluated as detailed previously. The new deformation resistance is evaluated by
using the finite-time solution of the Ornstein-Uhlenbeck process defined by Eq. (II.2.3):
τfij(γij + ∆γij) = aijτf(γij) +
√
1 − a2ijQ2wij , (II.2.15)
whereaij = exp(−∆γij/γcorr), γcorr is a correlation strain which characterizes the ’memory’
of the stochastic process,Q(= 〈τ2fij〉) is the mean square amplitude of the pinning field, and the
wij are statistically independent Gaussian variables of unit variance. For thep oc ss defined by
Eq. (II.2.15), the two-point correlation function is〈τfij(γij)τfkl(γ′kl)〉 = 〈τ2fij〉δikδjl exp[|γij −
γ′kl|/γcorr].
II.2.3.1 External driving and strain hardening
Strain hardening means that the resistance of a material to deformation increases with increas-
ing strain. In our case, the deformation resistance is a random field with zero mean. Strain hard-
ening can be implemented by increasing the amplitude of this field. To this end, we increase
the local amplitude in Eq. (II.2.15) in proportion with the local strain,Q2 = Q20(1 + Kγij)
2
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whereK(= q/Q0) is a non-dimensional parameter that we use to adjust the average hardening
rate.
In a strain-hardening system, sustained deformation requires a driving stress that on average
increases with strain. In our simulations, we drive the system by using eitherstress control or
displacement control with a machine of finite stiffness. In a stress-controlled simulation we
simply increase the external stressτext from zero in small increments∆τext. After each stress
increment we check for all volume elements whether Eq. (II.2.14) is fulfilled.At the ’unstable’
sites where this is the case, we increase the local strains and re-evaluate the local deformation
resistances. After all sites are updated, we re-evaluate the local stresse verywhere in the
system and perform another update. This is repeated until all sites are stabl (Eq. (II.2.14) is
no longer fulfilled for any site). Then we again increase the external stress, and so on.
In a displacement-controlled test, we impose the total deformationγext and evaluate the stress
according to
τext = Λ[γext − 〈γij〉] , (II.2.16)
whereΛ is called the ’machine stiffness’. In a quasi-static simulation we increaseγext (and
thus the stress) at a small rate until at least one site fulfils Eq. (II.2.14) andbecomes unstable.
We then keepγext fixed while we update in parallel the strains at all unstable sites as previously
outlined. However, after each update we not only re-evaluate the local stresses and deformation
resistances, but also the external stress which, owing to the increase of〈γij〉 during the update,
is bound to decrease according to Eq. (II.2.16). Once all sites have stabilized, we again increase
the imposed strain, and so on. The procedure can be visualized as ’pulling’ the system with
a spring of finite stiffness: As soon as the system yields, the spring is partlyrelaxed and the
driving force decreases by an amount that is proportional to the springstiffness.
II.2.3.2 Relation with physical parameters of dislocationsystems
As discussed previously, our model can be applied to the shear deformation of any disordered
material. In the present case, the disorder relates to the dislocation arrangeme t in a deforming
crystal, and scaling relations link the model parameters to physical variablesof the system:
For a dislocation system of densityρ the characteristic correlation length of internal stress
fluctuations in such systems is of the order of one dislocation spacing,ξ ≈ ρ−1/2 (for a detailed
discussion, see Zaiser and Aifantis [87]). The volume occupied by one lattice site can be
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identified with the characteristic volume occupied by a dislocation segment,V0 = ρ−3/2. The
correlation strainγcorr corresponds to the strain accomplished locally when such a dislocation
segment crosses this elementary volume,γcorr = b
√
ρ whereb is the modulus of the Burgers
vector of the dislocations. This also defines the natural unit of strain in a dislocation system.
The deformation resistanceτf , as all other stresses, scales likeGb
√
ρ whereG is the shear
modulus. From the scaling of stress and strain it follows that the ’natural unit’ of the hardening
rate and the machine stiffness is simply the shear modulusG.
In the following all quantities will be given in these ’natural units’. The sizes of a strain
burst is defined as the sum of all strain increments that occur during a period of activity. The
corresponding macroscopic strain is given bys/XY where the integersX andY define the
size of the lattice in thex andy directions.
Chapter II.3
Results
We use the model presented in the previous section to investigate the properties of strain bursts.
To this end, we first discuss the qualitative features of the deformation response of our model
and then proceed towards a quantitative characterization of the strain burst statistics. From this
we finally deduce a general scaling law which governs the statistical properties of strain bursts
under a wide range of deformation conditions.
II.3.1 General: Intermittent Plasticity
A typical stress-time signal obtained from a strain controlled simulation is shown inFigure
II.3.1. This illustrates the burst-like nature in which deformation progresses. The serrated
stress-strain curve results from the intermittent deformation bursts that arem nifest on the
strain rate vs. time curve shown in the inset. As the stress is given byτext = Λ(γext − 〈γij〉),
the observed strain bursts lead to irregular stress drops.
As discussed by Zaiser and Moretti [86], in the absence of hardening ad under conditions of
stress control, Eq. (II.2.13) shows a ’phase transition’ between a pinned a d a moving phase:
Below a critical stress level which defines the yield stress of the system, the deformation rate
asymptotically goes to zero, whereas above the critical stress, the deformation rate is asymp-
totically finite. It is noticeable that such a finite stress value exists even thoughthe averageτf
(averaging at fixedr over allγ) is zero. This implies that our system with the inhomogeneous
distribution of plastic strains is trapped in configurations which result in a negtive average
friction stress, with a magnitude that depends on the fluctuation amplitudeQ0. Thus in a stress-
controlled simulation and in the absence of hardening, the external stress pas es through an
initial transient until it reaches the yield stress, at which point the strain increases indefinitely.
In our simulations, we choose the initial value ofQ20 in such a manner that the yield stress
is about0.3 (dimensional value0.3Gb
√
ρ), in line with typical experimental findings in fcc
metals. The correlation strainγcorr is set equal to unity, and the parameterK is used to tune
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Figure II.3.1: Stress-time signal as obtained from simulation of a system with32 × 32 sites;
Inset: cumulative strain rate vs. time. The serrated stress profile should be
attributed to the intermittent strain response which owning to the finite driving
stiffness results in relaxation stress drops.
the hardening rateΘ. We also systematically vary the machine stiffnessΛ and the system size.
There are no other parameters in the model.
Figure II.3.2 shows three deformation curves (external stress vs. average strain) obtained for
different values of the machine stiffness and hardening rate. In a displacement-controlled sim-
ulation we observe that the external stress fluctuates slightly below the yield-str ss level: Close
to the yield stress, slip avalanches are triggered which decrease the external stress, after an
avalanche is terminated the external stress rises again, and so on. In the presence of hardening,
the mean stress after the initial transient increases first slowly (’Stage I’)and then at a higher,
approximately constant rate (’Stage II’). Statistics of slip avalanches were d termined in this
constant-hardening stage (above a strain of approximately 40 in Figure II.3.2). The hardening
rateΘ was defined as the average slope of the stress-strain curve in this regime,with the aver-
age either determined from the stress-strain curve of a very large systemor from the average of
many smaller systems. Both methods were found to yield similar results.
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Figure II.3.2: Stress-strain curves as obtained from simulation of a system with64 × 64 sites;
from top to bottom: hardening rateΘ = 0.125, machine stiffnessΛ = 0; hard-
ening rateΘ = 0.0625, machine stiffnessΛ = 0.0625, hardening rateΘ = 0,
machine stiffnessΛ = 0.125. Inserts show magnified the fluctuating behavior.
II.3.2 Avalanche sizes and scaling characteristics
To determine avalanche statistics, several series of simulations were carried out (Table II.3.1).
For a system driven in a quasi-static manner we envisage avalanches as the cumulative slip
response succeeding a load increase. As soon as a stress step destabilizes a single position
on the simulated grid, by means of imposing slips adequate to relieve the local stress state,
it triggers a mechanism that forces the whole system to a new stable position. This is due
to interactions linking the system in a long range trend and hence activating through a single
instability a network of slip incidents extending over the entire contour. Summing up slip
events of of all activated regions for a single stress increment defines the size of the avalanche
which spatially forms into patterns of intriguing complexity. Generally, the avalanche size
distributions obey the scaling relation
p(s) ∝ s−3/2g(s/s0) (II.3.1)
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wheres0 is the characteristic avalanche size and the functiong can for our simulations be
approximated byg(s/s0) ≈ exp[−13(s/s0)2 + (s/s0)].
Series Fixed parameters Varied parameter Variation range
1 Λ = 1, Θ = 0 system size 32 × 32 . . . 128 × 128
2 Λ = 0.5, Θ = 0 system size 16 × 16 . . . 128 × 128
3 Λ = 0.25, Θ = 0 system size 32 × 32 . . . 128 × 128
4 Λ = 0.125, Θ = 0 system size 64 × 64 . . . 128 × 128
5 Λ = 0, Θ = 0.0065 system size 32 × 32 . . . 128 × 128
6 Λ = 0, Θ = 0.013 system size 32 × 32 . . . 128 × 128
7 Λ = 0, Θ = 0.026 system size 32 × 32 . . . 256 × 256
8 Λ + Θ = 0.125, X = Y = 64 stiffnessΛ 0 . . . 0.125
9 Λ = 0.125, Θ = 0, X = 16 extensionY 16 . . . 128
10 Λ = 0.125, Θ = 0, Y = 16 extensionX 16 . . . 128
Table II.3.1: Series of simulations carried out in this study. Scans over the variation ranges
were performed by changing the respective parameters by a factor of twobet een
two simulations in a series.
Distributions corresponding to series 1-4 on Table II.3.1 are shown in Figure II.3.3. It can
be seen that an increase in machine stiffnessΛ leads to a decrease and an increase of system
size to an increase ins0. This is to be expected, since the machine decreases the driving
stress, during an avalanche of sizes, by an amountΛs/N whereN is the number of lattice
sites. This causes large avalanches to self-terminate. A more quantitative analysis can be
performed by fitting Eq. (II.3.1) to the distributions to determine the characteristic sizes0 as
a function of the simulation parameters. Interestingly, it turns out thats0 scales as0 ∝ L/Λ
whereL is the linear dimension of the system, rather thans0 ∝ N/Λ ∝ Ld/Λ whered is the
system dimension. This finding is consistent with the lamellar shape observed for plastic slip
avalanches and it is crucial for the subsequent claims in our analysis.
II.3.3 Equivalence of hardening and machine-driving
Hardening locally increases the pinning strength of the system at those sitestha are actually
involved in a slip avalanche. Machine-induced stress relaxation decreass the global driving
force on all sites. Both effects should have equivalent consequences for the avalanche statistics
if the depinning transition of the system shows mean-field behavior.
Figure II.3.4 shows avalanche size distributions determined from an ensemble of simulations
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Figure II.3.3: Avalanche size distributions corresponding to simulation series 1 (open sym-
bols), series 2 (full symbols), series 3 (cross-centered symbols) and series 4
(bar-centered symbols). Symbol shape indicates system size: square128× 128,
up triangle64 × 64, circle 32 × 32, down triangle16 × 16.
similar to those shown in Figure II.3.2. Different machine stiffnesses and hardening rates were
imposed such that the sumΛ+Θ was the same for all simulations. It can be seen that three sets
of simulations (Λ = 0, Θ = 0.125 ; Λ = Θ = 0.0625 ; Λ = 0.125, Θ = 0) yield exactly the
same distribution of avalanche sizes, which is well described by the scaling form (II.3.1). This
demonstrates that strain hardening and machine-induced stress relaxationindeed have similar
effects on the avalanche dynamics. As a consequence, the avalanche cutoff s0 must depend on
the sumΘ + Λ of the hardening rate and machine stiffness, rather than onΘ a dΛ separately.
II.3.4 Scaling law for the characteristic avalanche size
After performing several series of simulations at different hardening rates (series 5-7 in Table
II.3.1) and determining the characteristic sizes0 for each set of parameters, it was found that
the scaling of the cut-off can, over the entire parameter range investigated, be described by the
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Figure II.3.4: Avalanche size distributions for three different systems of size64× 64; Parame-






A fit to all data yieldsC ≈ 3 (Figure II.3.5). A number of simulations for anisotropic specimen
shapes were also conducted. In this case we found approximately the samesc ling law, withL
defined as the square root of the number of lattice sites (Series 9 and 10 in Figure II.3.5).
The scaling law, Eq. (II.3.2), represents the main result of our analysis.Its validation by
comparison with the results of discrete dislocation simulations and its consequences will be
addressed in the next section.
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Figure II.3.5: Scaling of the avalanche cutoff with hardening rateΘ, machine stiffnessΛ, and




In the current study we used a stochastic continuum model to capture the erratic microplastic
response. Inevitably, this model relies on a number of phenomenological though physically mo-
tivated assumptions. The main target was to investigate the fluctuation properties and scaling
characteristics of the microplastic response. Plastic strain bursts seem to befollowing a power
law distribution consistently for a wide range of sizes but critical behavior iseventually hin-
dered by a characteristic upper threshold controlled by both extrinsic andintrinsic parameters
of the deformed system, which impose a limit on the size of the largest avalanches.
Thus we can intuitively hold responsible such internal and external barriers for the appearance
of smooth and homogeneous plastic behavior on the macroscopic scale. Howver, e still have
to demonstrate that the behavior of our model faithfully represents the behavior of dislocation
systems. Additionally, as depicted in the introductory remarks, there is an apparent contra-
diction between the behavior of our model and the experimental observations based on AE
monitoring of burst-like plastic deformation. The AE burst size distributions show no upper
threshold and thus seem to indicate scale-free critical behavior. So is there a contradiction and
what is the mechanism explaining fluctuating plasticity? Can this mechanism be accurately
replicated through our simple model? The simple scaling relation deduced earlierallows us to
address most of these questions. In the following we use a comparative approach when we put
our findings into the context of results from 3DDD simulations [72, 73] and tesion experiments
on nickel micropilars [82] in order to illustrate the order that governs small sc e plasticity.
II.4.1 Scaling considerations
In Figure II.4.1 we compare the typical intermittent and jerky-like evolution of stres and strain
fields as obtained both from this modelling attempt and from more elaborate and timeconsum-
ing 3DDD calculations. The two signals share common attributes in the sense thattress-strain
curves are serrated and strain rate vs. time curves exhibit intermittent bursts of widely varying
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magnitude. However, these qualitative attributes would be of little importance if theund rly-
ing statistics were different. Thus we try to convert the avalanche distributions obtained in the
previous section, which characterized avalanches by the sizes, nto distributions of strain in-
crements as obtained by Csikor et al.[72] from 3DDD simulations, in order to allow productive
comparisons.










































































Figure II.4.1: Stress-strain (blue lines) combined with strain rate vs. time signals. Left: Signal
corresponding to the simulated homogeneous shearing of a system of size 32 ×
32 with hardening and driven by a machine of finite stiffness. Right: Signal
corresponding to the deformation response of a bending beam as obtained by
3DDD simulations. After Csikor et al. [72] and Motz and Weygand [73].
We first revert to dimensional variables. The average shear strain increment produced by
an avalanche of sizes0 is given bys0/N . In dimensional units, this becomes∆γmax =
CbG/l(Θ + Λ) where l is the (dimensional) specimen length. Using that the axial plastic






with C = 3 andm ≈ 0.4. Csikor et. al. in [72] used the scaled variableǫ = ∆εL(Λε +
Θε)/Eb, whereΛε, Θε are defined in terms of axial strains. To convert to this variable we use
the relationsE = 2G(1 + ν) and∂τ/∂γ = m2∂σ/∂ε. Eventually we can reformulate the
previously deduced scaling law forp(s) (cf. Eq. II.3.1) in terms of the scaled strain increment
ǫ asp(ǫ) ∝ ǫ−3/2 exp[−3ǫ2 + 3ǫ].
Figure II.4.2 compares this relation with the results of 3DDD simulation and experimental data
of Dimiduk et al. All data collapse in a very consistent way in the power law distribution pre-
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dicted by our analysis. The strain cutoff size evaluated appears to be inversely proportional to
the specimen size, which explains why transition to larger scales smears out the effect of fluc-
tuations. In the elaborate treatise of Csikor et al. [72] a great number of possible modifications
of the dislocation dynamics (multiple slip orientation, cross slip activation) were found to be
irrelevant for the strain burst statistics. It is remarkable that simulations yieldth scaling to be
consistent even for the case of heterogeneous deformation modes suchas bending where the
existence of GNDs does not seem to alter the statistics of avalanches. Hence, it is rational to say
that the avalanche characteristics we derive are generic and not dependent upon details other














= L( +  )/(Eb)
 L = 0.5 m, strain control
 L = 0.8 m, strain control
 L = 0.5 m, load control
 L = 1.5 m, bending
 Data of Dimiduk et al. 
 -3/2exp[-3 2+3 ]
Figure II.4.2: Collapse of the strain increment distribution to a single relation. The red line
is the curve deduced from our continuum simulations. 3DDD data (after Csikor
et al. [72]) correspond to varying deformation geometries, driving modes and
specimen sizes. Experimental data from Dimiduk et al. are given in full dots.





does not depend on specimen size. For typical values of the involved parametersΘ ≈ G/1500,
b = 2.5× 10−10 m we find that the length increments caused by the largest bursts are expected
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to be about0.5 microns. This compares very well with the maximum burst sizes observed by
Dimiduk et al. and allows to have a feeling of when the interplay of scales startsto become
apparent.
Moreover we can now provide a simple explanation unveiling the mystery of theabs nt cutoff
in AE experiments: AE energies are proportional to the dissipated energy du ing an avalanche,
hence they depend on the strainε as σεV , whereσ is the stress andV the volume. Such
a quantity can experience sizing constraints with a cutoff roughly analogous to L2 thus in
macroscopic samples the upper limit of the scaling regime becomes very large and can ot be
found in time series of limited duration.
Recapitulating our main arguments, the proposed scaling relation is nothing buta robust in-
clusion on the SOC idealization of plasticity of three fundamental parameters that exert strong
influence on the deformation behavior yielding it eventually to be near criticalbut not actually
critical. Namely the stress drop associated with hardening and machine stiffness prevents the
emergence of avalanches of arbitrary size as required by critical behavior. Further the lamellar
geometry which constrains the largest avalanches to a system-spanning shape implies that the
average strain produced by these avalanches decreases in proportion with the linear dimension
of the specimen, thing which follows naturally from the fact that each avalanche corresponds to
the formation of a lamellar slip line or slip band. All these effects were systematically studied
in the context of a 3DDD analysis [72, 73]. The outcomes produced totally match the proposed
scaling.
II.4.2 Discussion and Outlook
The conjecture of an only near scale free plastic behavior is of high valuefor many practical
purposes in modelling and understanding material deformation. If indeed prsent, SOC behav-
ior would overturn all the long standing knowledge and experience on constitutive modelling
by canceling the existence of a Representative Volume Element which is cornersto e for any
homogenization-based continuum model. The evidence shows, however,that homogeneized
continuum models work reasonably well in most macroscale applications. Thismot vates the
quest for the scale limits below which models that incorporate randomness andheterogeneity
can no longer be avoided. The simple scaling arguments presented here provide reliable esti-
mates of the fluctuating response and allow to predict the cases where deterministic classical
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models break down. Illustration of the transition to an anomalous and irregularresponse with
decreasing size was vividly given by Csikor et al. [72]. As shown in Figure II.4.3 application
of these stochastic findings to the bending of thin rods demonstrates that once he size of the
deformed body becomes comparable to the largest event size, formability becomes problematic
and unheralded.
Figure II.4.3: Shapes of rods (aspect ratio 1:50) after simulated bending; rod thicknesst from
top left to bottom right:t = 100 µm, t = 10 µm, t = 1 µm, t = 0.1 µm;
b = 2.8 × 10−10 m, Λε = E/1000; the color code indicates the local bending
angle over a segment of lengtht. In the last rod, the maximum avalanche size
occurring in the simulations falls below the intrinsic cut-off of the distribution.
After Csikor et al. [72].
The current work provides a simple rule for assessing size influences oplasticity fluctuations.
Although our model is restricted to a single slip geometry and a simple homogeneous driving
mode it derives results that have a more or less generic applicability. Extension to polycrys-
talline aggregates [97] though doesn’t seem viable. The random distribution of grains and the
existence of intergranular forces seem to mask a similar relation (if any) andset the grain effect
to be the variable dominating the power law exponent and the sizing of the cutoff.
Another issue that may raise questions, concerns the way we incorporatehard ning into our
stochastic continuum model. Although we explicitly account for a hardening related increase
of the flow resistance in terms of an increasing fluctuation amplitude, we fail to acc unt for
the correlation length decrease which follows the corresponding dislocation density increase.
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Thus the realism that emerges out of the patterning phenomena and the conseque t dislocation
clustering (for instance on cyclic deformation conditions) is disregarded.A straightforward
generalization would be to implement on our coarse grained idealization the composite model
of Mughrabi [98, 99] which can reveal some of the attributes of heterogeneous dislocation struc-
tures.
Conclusions
In the present work we tried to elucidate and understand some of the distinctive attributes that
emerge in plastic deformation of crystalline materials on very small scales. We formally inves-
tigated the applicability of continuum descriptions to a problem that its nature resides on the
individual dynamics of discrete and randomly distributed defects. In the context of our analysis
we elaborated on two different strategies that can both produce conciseidealizations of reality.
Namely we adopted the stances first of deterministic and then of stochastic modelling in two
seemingly disjunct parts. For both we demonstrated results that were in agreement both with
experimental findings and with computational simulations based on three-dimensional discrete
dislocation dynamics. In the present, concluding chapter we eventually attempt o illustrate
the complementary rather than competitive perspective of the two approaches we used in the
present work.
Initially we treated the long-standing problem of size-affected plastic response emerging in
confined deformation geometries. It is well established that such a behavior is due to the com-
petition of external with underlying characteristic internal length scales when t se approach
each other. Any physically motivated yet phenomenological continuum description is bound to
start from quantifying such evolving internal length scales in a way consistent with the notion
of a structureless continuous medium. We here invoke a framework combininga detailed char-
acterisation of the average dislocation density evolution on a higher dimensional pace together
with latest findings of statistical physics of the average internal stress fieldaccompanying the
dislocation existence. Analogous treatises, originally dating years back, failed because of the
inadequacy of the average dislocation density description to replicate consistently the real state
of deformation, as the effect of dislocations with zero average Burgersvector was not taken
into account properly. The incorporation of the additional orientation andcurvature parameters
enabled us to deduce diffusion-like evolution equations which we proved tobe excellent for
capturing the deformation state development, in a mean field perspective, andconcomitantly
the size dependent response.
A key element for obtaining realistic results in line with experimental findings lies intaki g into
account the back stress contribution of dislocations with same sign which wasitherto ignored.
We show that inclusion of line tension induced stresses on the local dynamicschieves to repro-
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duce size dependent behavior, as shown in similar treatises which follow alternate derivations.
However, we illustrate that sustained hardening and quantitative coherence with experiment
are only obtained by including strain gradient terms stemming from dislocation correlations
and nominally treated as an additional back stress. Such contributions, essentially phenomeno-
logically scaled, in a way support the gradient additions to macroscopic constitutive laws that
during the 80s and 90s dominated the field.
Our results for the case of a bended thin metal film revealed a power law depen nce of the yield
stress on thickness with a power exponent≈ −1.5. Such a law seems to accurately represent
experimental findings on bending of micron sized metallic films. Additionally outputsfrom
an elaborate 3DDD series of simulations strikingly revealed a functioning resemblance through
seizing not only the stress-strain response but also the dislocation densityevolution and the local
plastic strain distributions for the same set of fitted parameters. Of course such a imilitude with
3DDD data can be recovered only on an average basis.
Typical stress-strain signals obtained from these simulations for a number of different initial
conditions are pictured in Figure C1. The stress strain curves exhibit a serrated shape whereas
the dislocation density vs. strain plots illustrated in Figure C2 display a staircase-like morphol-
ogy. The nature of the random steps in both cases is the same. They originate from the strongly
intermittent dynamics of interacting dislocation lines which are trapped at rest for long times
before they relieve the stress in rapid, correlated motions which produce strain avalanches. In
the bending geometry used in the simulations leading to Figures C1 and C2, eachstrain in-
crement is associated with the storage of geometrically necessary dislocations, nd each strain
burst therefore leads to a step-like increase in dislocation density. FigureC3 illustrates the
time evolution of dislocation density together with the instantaneous strain rate signal and the
matching of the sharp irregular peaks to the discrete stress steps is clear. An logous find-
ings can be seen also in compression experiments of micropillars, Figure C4,though this time
non-existence of geometrically necessary dislocations hinders the directconnection of activity
bursts with dislocation density variations.
A complete treatise of plasticity needs to address this fluctuating behavior and the second part of
this work attempts to do so. Investigations conducted on the size distribution of observed strain
avalanches agree that these distributions are characterized as scale-free since power laws seem
to hold for a wide range of scales. The concept of Self Organized Criticality already applied
to similar crackling noise phenomena appears able to capture many features of th observed
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Figure C1: Stress-strain behavior in 3DDD simulations of microbending with different but sta-
tistically equivalent initial dislocation configurations. Although the average behav-
ior is smooth and accessible by deterministic modelling (see Figure I.4.4), individ-
ual curves have a serrated shape with stress drops corresponding todeformation
avalanches. Data after Motz and Weygand [73].
























Figure C2: Dislocation density vs. strain plots in 3DDD simulations of microbending. The
staircase-like shape is again a signature of the avalanche induced deformati n:
during each avalanches the dislocation density jumps upwards. Data after Motz
and Weygand [73].
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Figure C3: Signals of strain rate and dislocation density (blue line) evolution in 3DDD simu-
lations of microbending. Bursts of strain activity give rise to a stairway-like mor-
phology for the density evolution, corresponding to GNDs accumulation, withstep
increments of varying size that again seem to be following a power law distribution.
Data after Motz and Weygand [73]
Figure C4: Signals of strain rate and dislocation density (blue line) evolution in 3DDD simula-
tions of uniaxial compression. Instantaneous fluctuations in the dislocationdensity
should not contribute to any net change as in bending. Strain bursts of activity
operate in a manner that cannot be directly ascribed to the short variations in the
dislocation density value. Data after Csikor et al. [72].
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dynamics, though it cannot capture the decay of fluctuations on the transition to macroscale.
We address this problem by using a continuum model which allows to accountfor fluctuating
deformation behavior by means of a random local flow stress. We relate allf atures of the
model to the underlying dislocation dynamics and thus derive a model with no explicit dis-
location reference but with a profound microstructural insight. In particular we show that in
complete agreement with experiments, strain bursts of plastic activity are power law distributed
with a power exponent≈ 1.5 and a cut-off indicating the existence of some characteristic max-
imum size. We examine the effect of various system parameters on the formation of such a
cutoff and eventually propose a scaling relation which infers the maximum burst size. Demon-
strating that the maximum axial plastic strain scales in inverse proportion with the system size
it becomes clearly comprehensible why fluctuations die out in the world our bare eyes witness.
We prove that our scaling proposal accurately fits both the outcomes of Csikor et al. [72] and
the experimental findings of Dimiduk et al. [82]. Moreover although we confine our analysis
to a single slip geometry, 3DDD simulation outcomes suggest that our simple relationshould
be deemed as a universal plasticity attribute. It is shown that changing mostdetails, for in-
stance by allowing for multiple slip systems or enabling cross slip, leaves the observed scaling
unchanged.
Summing up, this work illustrates that a holistic description of crystal plasticity by use of con-
ventional continuum tools is not an impossible objective. We showed that an average response
estimate is feasible and can be attained by use of the elaborate density-baseddislocation dy-
namics framework formulated by Hochrainer and Zaiser. All size-dependent characteristics of
crystal plasticity surface at this stage. Yet as always a mean value description of a parameter
means nothing if we don’t possess knowledge of its fluctuation behavior. We find that a simple
stochastic description, in the spirit of earlier SOC modelling attempts, provides adequ te scal-
ing relations to capture the distribution of any deviations and hence fully define the plasticity
problem in hand.
Probably the most interesting result of this analysis is a question for future invest gations which
if answered could provide the bridge between discrete dislocation simulation and dislocation-
based continuum models. Inspecting Figure C2 we can fit, as previously in the concluding
remarks of Part I, a smooth average curve. Each simulation by itself is characterized by large
fluctuations which result from complex dynamics with sensitive dependenceo initial condi-
tions. In spite of this complexity, the average response can be correctly predicted on the basis
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of comparatively simple transport equations. This implies an enormous reduction of complex-
ity which is at the core of the possibility of using continuum models. It is importantto ote
that this reduction of complexity is not the simple result of a spatial coarse-graining operation
- indeed, the size of the simulations is so small that it falls below the characteristicsize of any
’representative volume element’ that would be needed to define spatial aver ges in a mean-
ingful manner. Instead, the averages are performed over ensembles of initial conditions and it
remains to be understood which features of the dynamics allow each autonomous realization of
the 3DDD calculations to behave in such a manner that, in spite of the complex andintermittent





Derivation of the edge-screw model
We start out from the fundamental kinetic equation (I.2.8),
∂tρ = −∂φ[ρvφ] −∇ · [ρv] + ρvk . (A.1)
Note that, for a discrete dislocation system, the density functionρ has the structureρ =
ρ(r)δ(φ−φ(r)) since the dislocation orientation is uniquely defined in each point. The partial
densitiesRs andRe are given by
Rs(r) =
∫
ρ cos φdφ , Re(r) =
∫
ρ sinφdφ . (A.2)
and for a discrete system the local dislocation orientation can be expressed through the relation
tan φ = Rs(r)/Re(r) = Rs/Re. Inserting these relations into the kinetic equation, and as-
suming an orientation-independent dislocation mobility (no explicit dependence of |v| on φ),
we find








Finally we use that the dislocation glide and tangent vectors are given byeg = sinφex −
cos φey = (Re/ρ)ex − (Rs/ρ)ey andet = cos φex + sinφey = (Rs/ρ)ex + (Re/ρ)ey,








































+ Rsvk . (A.5)
When averaging these equations, it is necessary to consider terms of the type 〈R2s/ρ2〉 or
〈Rs/ρ〉. The average is understood as an average over some mesoscopic volume∆V and all ori-
entations of segments within that volume. To prove some useful relationships,we divide all dis-
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location lines contained within∆V into short segments of lengthl, which we label with the dis-
crete indexβ. The edge and screw lengths of a given segment arelβs = l cos φβ andl
β
e . Clearly,




















































Evaluation of long-range internal
stresses
We calculate the internal stresses in an infinite three-dimensional body with anarbitrary plastic
distortion fieldβpl(r). The external stress is assumed to be zero. (A non-zero external stress
simply adds to the internal stresses.) We start out from the elastic equilibrium eq ation for the
componentsσij of the stress tensor
−∂jσij = fi , (B.1)
wherefi are the body forces and sums are performed over repeated indices. The above equation
can be rewritten in terms of the componentsui of the elastic displacement vector as
−∂jCilkl∂kul = fi, (B.2)
whereCijkl are components of Hooke’s tensor. The solution of Equation (B.2) has theform
ui(r) =
∫
Γik(r − r′)fk(r′)d3r′ (B.3)
where the Fourier transform of the elastic Green’s tensorΓik(r) is Γ̃ik(k) = [−Cijklkjkl]−1.
We now first consider the particular problem of a plastically deformed ’inclusion’ where the
plastic distortion has a constant valueβpl over a certain volumeV and is zero elsewhere. This
inclusion problemis solved as follows: The volumeV is first cut out of the surrounding matrix
and deformed plastically in order to produce a stress-free strainβpl. To re-insert it into the
matrix, interface tractions are applied, such that the original shape is restored. According to




where the functionHV (r) is equal to unity withinV and zero elsewhere. The volume is then
placed in its original position and relaxed. Elastic relaxation proceeds until the tractions pro-
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duced by the relaxation strainβr balance those given by Equation (B.4). The Fourier transform
of the corresponding displacement field is
uri (k) = iΓik(k)Cklmnβ
pl
mnklHV (k) . (B.5)
The total elastic distortion is then the sum of the relaxation strain and the initial distortion
−βplij HV (r) applied to “restore” the original shape before relaxation. The associated total stress
readsσij(r) = Cijkl(βrkl − β
pl


















does not depend on the modulusk of the wavevector sincẽΓnp scales likek−2. The stress
hence can be written as
σij(k) = [−Γ̃0ijlm + Γ̃∗(k/k)]βpllmHV (k) , (B.8)
where the second term is simply defined byΓ̃∗(k/k) = Cijno[kokqΓ̃np(k)Cpqlm + 19δlnδmo]−
Γ̃0ijlm.
The above procedure can be straightforwardly generalized for an arbitrary distribution of the
plastic distortionβpl(r) by considering each volume element as a separate “inclusion”. Equa-
tion (B.8) becomes
σij(k) = [−Γ̃0ijlm + Γ̃∗(k/k)]βpllm(k) (B.9)
and, in real space,
σij(r) = −Γ̃0ijlmβpllm(r) +
∫
Γ∗(r − r′)βpllm(r′)d3r′ . (B.10)
The non-local kernelΓ∗(r − r′) is the inverse Fourier transform of̃Γ∗(k/k); it scales like
1/r2 in two-dimensional space and like1/r3 in three dimensional space and has zero angular
average. What has been done so far holds for strain fields that go to zero at infinite distances.
If the asymptotic value of the plastic strain assumes a non-zero valueβpl,∞, we have to add the
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Γ∗(r − r′)βpllm(r′)d3r′. (B.11)
For a plastic distortion field which has theaveragevalue〈βpl〉, the asymptotic valueβpl,∞ is
replaced by the average〈βpl〉 since the fluctuation contributions average out if integrated over
the infinite contour. Hence, the internal stress can be envisaged as the sum of a mean-field
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